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DETERMINATION  OF  CCMBU5TIQN  TIME  IAQ  PARAMETERS 
IN  A  LIQUID  BIPROPELLANT  ROCKET  MOTOR 

SUMMARY 

The  importance  of  time  lag  parameters  in  a  systematic  study  of  com¬ 
bustion  instability  in  liquid  bipropellant  rocket  motors  is  emphasized  in  a 
review  of  early  treatments  of  this  phenomenon.  Useful  application  of  any  such 
treatment  is  dependent  upon  the  ability  to  determine  reliable  values  for  these 
time  lag  parameters.  It  is  the  purpose  of  thin  study  to  develop  a  theoretical 
model  of  the  combustion  process  amenable  to  experimental  verification  and  to 
evaluate  the  parameters  defined  therein  by  laboratory  measurements  under  actual 
rocket  motor  operating  conditions* 

Crocoo's  concept  of  such  a  combustion  time  lag  and  its  dependence  upon 
chamber  conditions  is  discussed,  and  complex  equations  are  derived  by  one¬ 
dimensional  analysis  for  two  theoretical  models  of  a  rocket  combustion  chamber 
having  such  a  time  lag.  Both  models  represent  low-frequency,  small-amplitude 
osoillations  in  chamber  pressure  and  injection  flow  rates.  The  exit  boundary 
condition  is  given  by  "nozzle  impedance"  relations  for  flow  through  a  conical 
exhaust  nozzle  with  non-isentropic  oscillations  in  gas  properties  at  the  entrance. 
Changes  in  flame  temperature  resulting  from  small  variations  in  instantaneous 
mixture  ratio  are  considered,  but  the  effects  of  such  variations  on  the  time 
lag,  the  position  of  combustion  front,  and  the  generation  of  reflected  waves 
at  the  nozzle  are  neglected  in  both  analyses. 

The  simplified  model  approximates  the  actual  combustion  distribution 
by  a  discontinuous  front  at  a  fraction  ( !■£  )  of  chamber  length.  Derivation 
of  the  combustion  equation  1b  based  upon  the  mass  conservation  rule  applied 
collectively  to  the  gas  produced,  contained  in,  and  exhausted  from  the  ohamber 
as  a  whole.  The  refined  model  is  developed  from  an  extension  of  Qrocco's 


analysis  to  inolude  the  condition  of  oaoillating  Injection  flows.  An  arbitrary 
form  of  combustion  distribution  is  introduced,  and  the  equations  for  chamber 
pressure  and  gas  velocity  are  derived  for  the  case  of  moderate  frequency,  neutral 
oscillations.  These  derivations  are  based  upon  principles  of  mass,  momentum, 
and  energy  conservation,  the  perfect  gas  law,  a  droplet  dynamics  equation,  and  a 
buring  rate  equation  involving  the  aforementioned  time  lag  concepts.  An  order 
of  magnitude  analysis  and  an  iterative  scheme  are  enployed  to  extrapolate  these 
equations  to  low  frequencies.  Final  solutions  for  the  time  lag  and  the  inter¬ 
action  index  between  chamber  pressure  and  time  lag  are  obtained  by  the  applica¬ 
tion  of  the  aforementioned  nozzle  boundary  condition.  The  final  combustion 
chamber,  equations  resulting  from  both  theoretical  analyses  are  compared  term- 
by-term,  and  a  combined  model  is  formed  from  bpth  equations,  following  the  form 
of  the  simplified  model  and  embodying  correction  factors  derived  from  the  re¬ 
fined  treatment. 

The  quantities  to  he  determined  experimentally  as  inputs  for  the 
theoretical  analysis  and  the  methods  for  obtaining  these  data  are  discussed. 

The  design  and  operation  of  a  modulating  unit  producing  sinusoidal  injection 
flow  oscillations  are  described,  and  the  experimental  implications  of  near- 
constant  instantaneous  mixture  ratio  restrictions  are  noted.  The  aotual  measuring 
vehicle  and  its  auxiliary  equipment  are  mentioned,  along  with  detailed  accounts 
of  the  sensing,  transducing*  and  recording  instrumentation  utilized  in  the 
measurements. 

Calculation  procedures  employed  in  the  reduction  of  primary  data  and 
in  their  application  to  the  complex  combuetion  chamber  equation  are  outlined. 
Measured  values  of  chamber  and  injector  pressure  oscillations,  steady  state 
gas  velocity  distributions,  and  steady  state  oombustion  and  flow  parameters 
are  presented  for  motor  operation  at  three  chamber  pressure  levels  of  300, 

1*50,  and  600  psla  over  a  range  of  modulating  frequencies  from  60  to  2$0  cycles 
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per  second.  The  results  of  two  calculation  procedures  are  presented  in  tabu¬ 
lar  and  graphical  form  as  values  of  rocket  chamber  transfer  function,  mean 
chamber  gas  residence  time,  average  position  of  the  combustion  “front",  mean 
total  combustion  time  lag,  sensitive  portion  of  this  time  lag,  and  index  of 
Interaction  between  time  lag  and  chamber  pressure.  Finally,  these  results  are 
criticized  with  regard  to  their  validity  and  accuracy,  and  conclusions  are 
drawn  regarding  the  general  applicability  of  the  theoretical  model  and  experi¬ 


mental  methods. 
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DETERMINATION  OF  COMBUSTION  TIME  LAG  PARAMETERS 
IN  A  LIQUID  BIPROPSLIANT  ROCKET  MOTOR 

INTRODUCTION 

The  extensive  occurrence  during  recent  years  of  destructive  pressure 
oscillations  in  large  rocket  motors  has  led  to  considerable  interest  and  ac¬ 
tivity  in  the  field  of  combustion  instability.  Endeavors  to  scale  the  designs 
of  small  test  motors  up  to  large  operational  sizes,  attempts  to  improve  rocket 
performance  through  concentration  or  intensification  of  the  combustion  pro¬ 
cesses,  and  efforts  to  reduce  component  weights  by  lowering  the  pressure 
levels  in  propellant  supply  equipment  have  resulted  in  the  incidence  of  such 
instabilities  in  a  surprisingly  large  number  of  rocket  development  projects. 
Elimination  of  these  troublesome  vibrations  through  blind  *cut-and-try" 
methods  has  eventually  proved  suooessful  in  some  of  these  cases;  but  these 
methods  suffer  from  their  lack  of  general  applicability  to  engines  other 
than  the  particular  ones  for  which  they  were  devised  and  thus  merely  em¬ 
phasize  the  lack  of  basic  understanding  associated  with  the  appearance  of 
such  instabilities*  The  demand  for  more  rational  procedures  for  overcoming 
these  vibrations  and  the  desire  for  reliable  generalized  design  criteria  to 
prevent  their  occurrence  have  necessitated  fundamental  studies  of  the  nature 
and  causes  of  the  phenomena  from  theoretical  as  well  as  experimental  view¬ 
points* 

A  common  annoyance  at  the  outset  of  any  relatively  new  research 
effort  is  the  question  of  definition,  and  rocket  combustion  instability  is 
certainly  not  excepted  from  this  problem*  A  multitude  of  terms  (including 
rough  burning,  screech,  squeal,  scream,  whistle,  chug,  groan,  hum,  buzz,  and 
others)  have  been  employed  to  describe  the  acoustic  quality  of  pressure 
oscillations  in  rockets*  However,  the  essential  differences  between  stable 
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and  unstable  oscillations  as  well  as  the  distinctions  between  various  types  of 
instabilities  must  be  expressed  in  subjective  terms  if  they  are  to  be  widely 
accepted  and  applied.  Perhaps  the  most  comprehensive  treatment  of  this  matter 
is  that  given  by  Crocco  and  Cheng  (1)  in  a  recent  publication.  The  essence  of 
their  discussion  will  be  summarized  briefly .  In  normal  combustion  the  presence 
of  turbulence,  inhomogeneity  of  mixture,  and  other  effects  may  cause  the  appear* 
ance  of  fluctuations  in  the  gas  and  liquid  properties  within  the  rocket  chamber. 
These  are  purely  random  perturbations,  however 5  and  if  they  are  observed  at 
points  in  the  chamber  sufficiently  distant  from  one  another  there  will  be  no 
time-wise  correlation  in  the  variation  of  any  one  quantity  between  the  two 
points.  On  the  other  hand,  if  the  fluctuations  exhibit  definite  coordination 
in  the  frequencies  and  amplitudes  with  which  they  ocour  at  any  two  points  of 
the  chamber,  no  matter  how  distant,  then  they  lose  their  random  character  and 
become  organized  oscillations  representative  of  abnormal  combustion.  An  exam¬ 
ination  of  the  amplitudes  of  these  coordinated  perturbations  then  determines 
whether  combustion  is  stable,  neutrally- stable,  or  unstable  according  as  they 
die  out,  remain  constant,  or  increase  with  time. 

The  second  consideration  in  terminology  is  that  of  identifying  the 
various  types  of  unstable  behavior  encountered  by  different  investigators. 

The  most  widely  accepted  classification  scheme  is  based  upon  differences  in 
the  underlying  mechanisms  causing  instabilities!  and  the  general  breakdown 
places  unstable  oscillations  into  one  of  three  major  groups,  characterized 
primarily  by  their  frequency  ranges?  (a)  low  frequency  instabilities, 
commonly  referred  to  as  “chugging*,  with  frequencies  from  as  low  as  thirty 
to  as  high  as  two  hundred  cycles  per  second?  (b)  high  frequency,  or  ■screaming", 
oscillations  occurring  at  frequencies  between  several  hundred  and  several 
thousand  cycles  per  second?  and  (©)  intermediate  frequency  instabilities  lying 
in  a  range  between  the  other  two  types. 

The  destructive  phenomena  associated  with  these  types  of  unstable 
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oscillations  may  be  quite  different,  and  in  the  case  of  the  first  two  are  easily 
identified.  Low  frequency  instability  usually  arises  from  an  interaction  be¬ 
tween  the  feeding  system  and  the  combustion  process  (although  theoretical 
studies  (2)  have  shown  that  an  "intrinsic*  instability  in  whioh  there  is  no 
feed  system  coupling  is  still  possible^  and  the  characteristic  time  associated 
with  the  period  of  this  "chugging*  instability  is  the  "charging  time*  or 
emptying  time  of  the  rocket  chamber  (3,  4).  The  damage  incurred  by  the  action 
of  this  type  of  oscillation  is  usually  associated  with  structural  failures 
resulting  from  large  amplitude  meohanical  vibrations  of  the  rooket  components 
or  the  entire  propulsion  system.  Che  common  "cure*  for  this  problem  is  simply 
an  increase  in  pressure  drop  across  the  injection  system  of  the  liquid  pro¬ 
pellants,  a  oonolusion  which  is  easily  deduced  from  the  theory. 

Screaming  type  oscillations,  however,  occur  at  frequencies  much  too 
high  for  any  serious  interaction  with  the  feeding  system  and  are  considered 
to  be  of  the  nature  of  acoustio  oscillations  deriving  their  energy  from  the 
combustion  process.  For  such  oscillations,  therefore,  the  oharaot eristic 
time  giving  the  order  of  magnitude  of  their  period  is  the  wave-travel  time 
between  the  boundaries  of  the  chamber  associated  with  the  particular  mode  of 
vibration  encountered.  The  amplitudes  of  such  waves  may  reach  as  high  as  a 
hundred  percent  of  steady  rocket  chamber  pressure,  and  the  extreme  increase 
in  heat  transfer  to  the  chamber  and  injector  in  such  circumstances  is  very 
often  sufficient  to  destroy  the  motor.  No  generally  acceptable  mechanical 
artifice  or  change  in  geometric  design  has  yet  been  developed  to  completely 
subdue  or  prevent  the  existence  of  such  waves,  and  it  is  this  perplexity 
which  has  been  primarily  responsible  for  the  increased  attention  placed  on 
combustion  instability  studies. 

The  third,  or  intermediate  frequency,  instability  has  only  re¬ 
cently  been  satisfactorily  identified  as  a  separate  phenomenon  with  causes 
and  manifestations  distinct  from  the  other  two.  Berman  and  Cheney  (5) 
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associated  its  appearance  with  the  existence  of  an  “off  mixture-ratio*1  zone 
or  "temperature  discontinuity"  which  has  been  interpreted  by  Crocco  (6)  and 
Seala  (7)  as  an  "entropy  wave".  This  wave  travels  downstream  with  the  fluid 
particle  velocity  and  refleots  a  pressure  disturbance  from  the  nozzle  which 
moves  upstream  with  the  wave  velocity;  producing  a  characteristic  period  of 
osoillation  shorter  than  that  of  the  chugging  vibration  and  longer  than  the 
screaming  one,  hence  the  descriptive  term  "intermediate-frequency"* 

Until  very  reoently  experimental  work  in  the  field  of  rocket  com- 
bustion  Instability  consisted  primarily  of  two  major  efforts*  observation 
of  the  physical  characteristics  of  the  osoillations;  e.g,,  their  frequencies , 
amplitudes^  and  starting  transients!  and  attempts  to  control  or  eliminate 
the  vibrations  through  the  introduction  of  stabilizers  of  various  types. 

Both  these  attacks  have  been  thoroughly  reviewed  In  a  survey  paper  by  Ross 
and  Datner  (8)  and  it  will  auffioe  here  to  mention  them  only  briefly.  The 
initial  task  of  identification  was  performed  chiefly  through  visual  or  op¬ 
tical  means  by  the  application  of  photographic  techniques  to  transparent 
motors  or  observation  slits  out  into  conventional  motors  (5,  9;  10;  ll). 

This  restriction  to  optical  methods  was  primarily  due  to  the  unreliability 
of  existing  pressure  instrumentation;  and  of  late,  data  of  a  more  quantita¬ 
tive  nature  have  been  reported  (12;  1,3;  14;  15)  on  the  basis  of  more  precise 
pressure  measurements*  Meanwhile;  the  work  on  stabilizers  reported  in  the 
unclassified  literature  has  progressed  from  basic  studies  of  the  character- 
istica  and  possible  applications  of  servo-controls  in  the  feed  system 
(16;  17)  to  the  conception  of  a  particular  design  for  such  a  control  and  a 
detailed  analysis  of  its  behavior  (18). 

During  this  same  period;  theoretical  studies  of  instabilities 
continued  to  progress  in  dealing  with  more  realistic  models  of  the  com¬ 
bustion  chamber  and  in  extending  the  range  of  their  applicability  to  more 
general  and  more  interesting  cases.  Of  course  these  improvements  were  not 
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attained  without  additional  mathematical  complications*  so  it  is  perhaps  not 
surprising  that  so  very  little  experimental  work  has  been  directed  toward  the 
evaluation  of  hypotheses  or  conclusions  of  the  theory*  However*  in  all  ex¬ 
isting  theoretical  treatments  a  number  of  combustion  parameters  arise  from 
both  physical  and  mathematical  considerations  which  are  of  primary  importance 
in  describing  the  stability  behavior  of  any  liquid  rocket  motor.  The  work 
reported  in  this  paper  was  conducted  with  the  aim  of  evaluating  some  of  these 
parameters*  and  to  this  end  it  embodies  a  three-fold  approach#  (a)  extension 
of  existing  theory  involving  important  combustion  stability  parameters  to  a 
range  of  physical  variables  amenable  to  empirical  examination*  (b)  determi¬ 
nation  of  typical  values  for  these  parameters  by  application  of  the  derived 
equations  to  experimental  measurements*  and  (o)  an  estimation  of  the  range  of 
application  and  validity  of  the  relationships  expressed  by  the  theoryo 
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Theoretical  Background 

Attempts  to  analyze  mathematically  the  behavior  of  a  rocket  motor 
under  conditions  of  oscillating  chamber  pressure  have  a  historical  background 
almost  as  extensive  as  the  existence  of  the  phenomenon  itself.  Perhaps  the 
earliest  efforts  in  this  direction  were  carried  out  by  Von  Karmen  and  his 
group  at  the  Jet  Propulsion  Laboratory  of  the  California  Institute  of  Technology 
shortly  after  the  first  appearance  of  "chugging11  in  a  rocket  under  test  there 
in  l?lil.  However^  the  first  published  theory  appeared  in  a  paper  by  Qunder  and 
Friant  (1?)  and  a  subsequent  discussion  of  this  paper  by  lachter  (20).  Probably 
the  most  important  contribution  of  these  early  treatments  was  the  introduction 
of  the  concept  of  a  combustion  time  lag  (conceived  independently  by  Von  Karman°s 
group)  between  the  instant  of  injeotion  of  a  particle  of  liquid  propellant  and 
the  succeeding  instant  of  burning  in  which  that  particle  is  transformed  into 
hot  gas  capable  of  exerting  chamber  pressure.  The  influence  of  this  time  lag 
on  the  theory  is  evident  when  one  notes  that  it  has  been  the  single  parameter 
common  to  all  succeeding  analytical  papers  describing  combustion  instabilities 
in  any  of  the  various  regimes  previously  mentioned.  Its  mathematical  signifi¬ 
cance  is  obvious,  since  it  produces  one  or  more  terms  in  the  combustion 
chamber  equation  which  must  be  evaluated  at  a  time  different  from  the  re¬ 
maining  terms.  This  time  delay  produces  a  sort  of  “response  time"  for  the 
rocket  motor  and  hence  provides  a  feedback  mechanism  essential  for  unstable 
oscillations  in  the  chamber-injector  system. 

Primarily  because  of  the  lack  of  information  concerning  its  magni¬ 
tude  or  physical  variation,  this  time  lag  was  originally  treated  as  a  constant 
for  all  propellant  elements  under  a  particular  set  of  operating  conditions 
and  was  assumed  to  be  insensitive  to  small  variations  in  these  conditions. 
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Neglecting  the  effects  of  small  oscillations  upon  the  time  lag  was  considered 
compatible  with  the  overall  assumption  of  linearization,  common  to  all  theo¬ 
retical  analyses  reported  herein,  in  which  each  time-dependent  variable  is 
treated  as  the  sum  of  a  steady  state  quantity  plus  a  small  perturbation.  On 
this  basis  Gunder  and  Friant  derived  equations  for  response  of  the  rocket 
chamber  to  oscillations  in  propellant  flow  rates  for  both  monopropellant  and 
bipropellant  systems.  They  assumed  that  the  chamber  pressure  was  directly 
proportional  to  the  injection  rates  and  considered  only  the  effects  of  inertia 
and  friction  of  the  propellants  in  the  feed  lines  of  a  pressurized  supply 
system.  Yacht er,  in  a  discussion  of  their  paper,  indicated  the  importance  of 
the  chamber  itself  as  a  capacitance  in  which  the  product  gases  could  be 
stored)  and  he  derived  an  expression  for  the  critical  injector  pressure  drop 
for  stable  operation,  without  regard  to  the  inertia  of  the  liquids  in  the 
feed  system.  Following  these  two  analyses,  Summerfield  (l*)  combined  the 
effects  of  feed  system  and  chamber  capacitance  to  obtain  an  equation  from 
which  he  calculated  values  for  the  limits  of  stable  operation  in  terns  of  the 
frequency  of  oscillation  and  the  magnitude  of  the  time  lag. 

These  theoretical  contributions  provided  a  satisfactory  explanation 
for  the  presence  of  low  frequency  instabilities  in  cases  where  the  injector 
flow  rates  responded  to  fluctuations  in  chamber  pressure.  However,  the  exis¬ 
tence  of  observed  instabilities,  in  a  range  of  frequencies  sufficiently  high 
so  as  to  preclude  the  possibility  of  injection  coupling,  could  not  be  ex¬ 
plained  on  the  basis  of  a  constant  combustion  time  lag.  The  theoretical 
analysis  of  this  "screaming*  phenomenon,  as  well  as  the  so-called  "intrinsic" 
case  of  constant  injection,  low  frequency  instability,  was  accomplished  by 
Crocco  (2,  21)  through  the  introduction  of  the  concept  of  a  sensitive  time 
lag.  Originally  this  sensitivity  was  treated  as  a  purely  enviomraental 
activity  in  which  the  processes  contributing  to  the  total  combustion  time  lag 
were  considered  to  be  affected  by  thermodynamic  and  gas  dynamic  conditions 
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such  as  pressure,  temperature,  density,  or  gas  velocity.  Any  one  of  these 
parameters  could  then  be  related  to  the  others  by  means  of  the  equation  of 
state  or  compressible  flow  equations*  Of  these  several  properties,  pressure 
is  probably  the  most  amenable  to  experimental  measurement}  hence  this  was 
treated  as  the  primary  variable  on  which  to  base  the  correlation  of  all  the 
others.  Crocco  then  postulated  an  index,  n,  to  express  the  interaction  be¬ 
tween  chamber  pressure  and  the  time  lag.  1 

Fundamental  Conoepts 

In  any  liquid  propellant  rocket  motor,  a  number  of  physical  and 
chemical  processes  take  place  during  the  transformation  from  raw  propellants 
to  hot  gases*  These  preparation  processes  are  extremely  complicated  indi¬ 
vidually,  and  their  mutual  interactions  are  almost  totally  undetermined* 
However,  the  gross  effects  of  pressure,  temperature,  density,  and  gas  ve¬ 
locity  may  be  discussed  in  a  qualitative  manner  and  may  help  to  provide  a 
physical  basis  for  the  ensuing  mathematical  derivation  of  a  burning-rate 
equation.  First,  the  liquid  streams  issuing  from  the  injector  are  broken  up 
into  droplets  by  capillarity  and  by  the  relative  velocity  between  liquid  and 
gas  velocities.  The  rate  at  which  this  breakup  occurs  as  well  as  the  final 
droplet  size  distribution  for  a  particular  injector  will  depend  to  a  large 
extent  upon  the  density  and  velocity  of  the  combustion  gases  and,  thus,  upon 
chamber  pressure*  In  general,  an  increase  in  pressure  produces  smaller  drop¬ 
lets  and  speeds  up  the  atomization  process,  thereby  decreasing  the  time  con- 


Very  recently,  a  second  interaction  index  has  been  introduced  by  Scala  (7) 
to  ejqpress  the  dependence  of  time  lag  upon  mixture  ratio*  This  has  been  of 
considerable  importance  in  predicting  the  appearance  of  intermediate-frequency 
instabilities}  but  it  does  not  appear  in  the  present  treatment,  which  is  based 
primarily  upon  the  high-frequency  and  intrinsic  low-frequency  analyses* 
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siimed  in  this  phase  of  propellant  preparation*  Following  and  during  atomiza¬ 
tion,  evaporation  at  the  droplet  surface  occurs.  The  rate  of  this  vaporiza¬ 
tion  is  influenced  by  the  droplet  size  and  by  a  sort  of  film  coefficient* 

The  result  of  increased  chamber  pressure  acting  through  both  of  these  parameters 
is  an  increase  in  the  overall  evaporation  rate,  decreasing  this  contribution 
to  the  total  time  lag*  Similarly  the  increase  in  temperature  of  both  liquid 
and  unburned  gas  by  diffusion  and  convection  will  be  accelerated  by  an  in¬ 
crease  in  gas  pressure*  Also,  the  kinetics  of  most  of  the  combustion  reactions 
encountered  in  rocket  motors  is  speeded  up  by  increasing  the  pressure  within 
the  medium,  particularly  when  the  reaction  ocours  in  the  vapor  state*  In 
faot,  the  only  process  oocuring  during  the  time  lag  which  might  conceivably 
be  totally  independent  of  the  thermodynamic  conditions  within  the  chamber  is 
that  of  liquid-liquid  mixing,  in  a  bipropellant  motor.  Certain  other  pro¬ 
cesses  will  take  place  which  may  be  nearly  unaffected  by  chamber  pressure} 
but  these,  along  with  liquid  phase  mixing,  are  likely  to  take  place  in  a  time 
and  space  very  close  to  injection.  Therefore,  a  graphical  representation  of 
an  index  of  Interaction  as  described  would  probably  show  a  very  small  value 
close  to  the  injector,  with  increasing  values  during  the  later  phases  of  the 
preparation*  This  distribution  of  an  interaction  function  may  be  schematized 
as  having  zero  magnitude  for  a  portion  of  the  total  time  lag  and  a  constant 

i 

magnitude  for  the  remaining  portion. 

A8  a  consequence  of  these  considerations,  one  concludes  that  the 
total  combustion  time  lag  in  a  liquid  propellant  rocket  may  be  represented 
in  an  approximate  fashion  as  the  sum  of  an  insensitive  portion  and  a  sensi¬ 
tive  portion,  the  former  being  independent  of  the  temperature  and  pressure  of 
the  chamber  gases  and  the  latter  generally  decreasing  with  an  increase  in 
chamber  pressure  through  the  action  of  a  constant  interaction  index.  Thus* 

(1) 


£ 


where  the  subscript  T  is  used  to  denote  the  total  value  and  i  indicates  the 
Insensitive  portion.  This  schematic  time  lag  is  shown  in  Figure  1* 

Following  the  Method  of  Crocoo  (1,  6)  In  expressing  the  above  ideas 
mathematically^  one  may  state  that  the  transformation  of  propellants  into  hot 
gases  will  be  oomplete  after  sufficient  transfer  of  energy  has  taken  place  to 
raise  each  particle  to  a  certain  energy  level,  2^,  which  may  be  considered 
similar  in  concept  to  an  activation  energy  for  the  overall  preparation  and  com¬ 
bustion  processes*  Slnoe  the  equilibrium  flame  temperature  varies  primarily 
with  mixture  ratio  of  the  incoming  propellants  and  only  in  a  secondary  manner 
with  chamber  pressure,  this  final  energy  level  may  be  considered  to  have  a 
constant  value,  provided  the  mixture  ratio  is  constant  and  pressure  oscilla¬ 
tions  remain  small  in  comparison  to  the  average  chamber  pressure*  If  one 
represents  the  combined  rates  of  all  the  preparation  and  combustion  processes 

as  a  function,  £  C  PjT^UL) . .  ),  of  the  various  aero-thermodynamic  parameters, 

* 

then  the  time  lag  will  be  ended  only  when  the  integrated  value  of  this  fate 
funotion  has  reached  the  final  energy  level,  Eaj  thus,  for  a  particle  injected 
at  time  t  m  Ty.  and  burning  at  time  tg 

[/ ft')  c?LtJ  =  Ea"  constant.  <2  > 


Under  the  restriction  of  small  perturbations,  the  rate  function 


may  be  written  asg 


f  (PT.u.-W  CP.T.U,...)  +(f£jp^  +  (H)T'+ (lu)^- 


where  the  superscript  bar  indicates  mean  values  of  the  oscillating  quantities 
and  the  prime  designates  the  perturbed  portion* 

Introducing  the  correlating  functions  between  pressure  and  the  re¬ 


maining  parameters,  this  equation  becomes* 


u. 


fCPJTJuJ...VKPlT,o,...)-4-5*f-  $ 


M.  +  M  dZL+2±  sL^+.-* 
3p  aT  TP  z<x  dip 
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from  which  an  expression  for  the  interaction  index,  defined  here  as  the  in¬ 
fluence  of  small  fractional  changes  in  pressure  on  the  rate  function,  takes 
the  form) 


Jp=? 


(5) 


The  instantaneous  rate  of  the  preparation  processes  is  them 


•y 


(6) 


and  Equation  2  becomes s 
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The  value  of  -f  (  F^TjU)  >  >  •  • 


(7) 


)  will  change  only  through 
spatial  non-uniformities  of  p  ,  T  $  etc.;  and  since  the  velocities  of  liquids 
and  gases  in  the  chamber  are  usually  small  compared  to  the  sound  velocity,  the 
steady  state  values  of  pressure  and  temperature  are  practioally  uniform  through¬ 


out  the  chamber.  Then,  since  n  and  Ea  are  treated  as  constants. 
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from  which  one  may  easily  obtain  a  relation  for  the  variation  in  time  lag 
around  its  average  value  as* 


Ty-T  T  -  •“  -p  I  p'Ct1)  d/t!  -X~T 
\-xr 


(9) 
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the  latter  part  of  this  equation  having  been  deduced  from  the  assumed 
constancy  of  the  insensitive  portion  of  the  time  lag. 

A  number  of  possibilities  exist  for  the  application  of  the  time  lag 
concept  to  the  overall  physical  model  of  combustion  described.  In  the  actual 
case,  if  one  follows  two  propellant  elements  from  the  instant  of  injection  to 
their  final  reacted  gaseous  state,  their  volumes  are  small  at  first,  increase 
ing  rapidly  as  exothermic  chemical  reactions  take  place,  and  reaching  a  final 
value  when  combustion  becomes  complete.  The  achematiaation  introduced  by  the 
above  time  lag  concept  is  the  replacement  of  this  gradual  complex  volume  change 
by  a  step-wise  transition  from  droplet  volume  to  final  gaseous  volume.  In  the 
most  general  case,  this  approximation  is  made  individually  for  each  element  of 
combustion  gas,  resulting  in  a  time  lag  and  a  corresponding  space  lag  (the 
distance  traveled  during  these  preparation  and  reaction  processes)  for  each 
pair  of  propellant  elements  destined  to  react  together.  The  combined  picture 
for  all  propellant  elements  is  then  one  of  continuous  combustion  in  both  space 
and  time,  since  these  lags  vary  continuously  over  a  finite  range  between  indi¬ 
vidual  particles  injected  at  the  same  instant  but  a  different  location  in 
the  injector  pattern.  Further  simplifying  assumptions  were  made  in  a  series 
of  papers  by  Crocco  (2,  21)  and  Cheng  (22,  23)  which  have  been  well  summar¬ 
ized  in  a  monograph  on  the  subject  of  combustion  instability  in  liquid  rocket 
motors  (l).  In  these  additional  cases  the  steady  state  combustion  pattern 
takes  one  of  the  following  forms*  (a)  all  burning  takes  place  at  a  single 
spatial  location,  but  the  particles  require  different  times  to  reach  this 
location,  resulting  in  distributed  time  lags  and  a  concentrated  space  lag$ 

(b)  all  particles  require  the  same  preparation  time,  but  their  different 
velocities  carry  them  to  various  locations,  producing  a  concentrated  time 
lag  with  distributed  apace  lagsj  and  (c)  the  more  drastic  simplification 
in  which  combustion  is  considered  completely  concentrated  at  a  given  position 
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in  both  time  and  space.  The  present  paper  includes  only  the  two  extreme 
cases,  i,e.,  distribution  of  both  time  and  space  lags  and  complete  concen¬ 
tration  of  both  lags. 

Another  refinement  to  the  original  instability  theories  was  the  in¬ 
troduction  by  Crocco  and  Cheng  (21;)  of  the  influence  of  the  exhaust  nozzle 
geometry.  This  effect  had  been  observed  by  Berman,  iiogan,  and  Cheney  (5>  9) 
in  an  experimental  motorj  and  the  gasdynamic  relations  involved  in  oscillating 
flow  through  a  supersonic  nozale  were  derived  by  Tsien  (25)  for  the  isothermal 
case,  Crocco  (26)  extended  the  theory  to  several  additional  cases  and  applied 
the  so-called  "nozzle  impedance"  relations  as  a  boundary  condition  for  the 
equations  of  the  combustion  chamber.  The  further  extension  of  the  nozzle 
equations  to  include  low  frequency,  non-isentropio  oscillations  at  the  entrance 
section' for  both  linear  and  non-linear  velocity  distributions  is  contained  in 
Appendix  A  of  this  paper. 

Combustion  Chamber  Equations 

In  developing  a  usable  combustion  equation  for  application  to  ex¬ 
perimental  data,  the  same  general  scheme  of  analysis  is  employed  regardless 
of  the  model  chosen  to  represent  the  actual  combustion  process.  Equations 
are  obtained  for  the  variations  in  pressure,  velocities  of  gas  and  liquid,  and 
gas  density  or  entropy.  These  are  then  related  by  a  burning  rate  equation 
containing  the  desired  time  lag  parameters  and  reduced  to  a  final  single 
equation  involving  chamber  pressure  and  time  lag  by  the  application  of  boundary 
conditions  at  the  nozzle  and  injector  ends  of  the  chamber.  This  overall  method 
has  been  applied  to  several  combustion  models  by  Crocco  and  Cheng  (l)j  and  the 
analysis  contained  herein  is  intended  as  an  extension  of  their  work  to  include 
the  condition  of  oscillating  injection  flow  rates,  which  is  the  actual  situa¬ 
tion  encountered  in  the  laboratory  work  described  later. 
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Two  distinct  physical  models  of  the  combustion  process  are  treated. 
The  simplified  model  deals  with  the  chamber  as  a  whole,  approaching  the  flow 
field  from  a  macroscopic  point  of  view}  while  the  more  refined  model  is  de¬ 
rived  from  an  analysis  of  differential  increments  of  mass,  volume,  and  length. 
The  framework  for  both  models  is  furnished  by  the  one -dimensional  equations  of 
conservation  of  mass,  momentum,  and  energy  in  unsteady  flow.  Perturbations  of 
all  physical  quantities  are  limited  to  small  fractions  of  their  average  or 
steady  state  values}  hence  the  treatment  is  linearized  throughout,  with  squares 
and  products  of  perturbations  considered  negligibly  small*  A  number  of  other 
assumptions  are  common  to  both  theoretical  models.  These  ares 

1.  Oscillations  in  fluid  properties  are  neutrally  stable  with  time 
and  are  of  a  sinusoidal  nature. 

2.  In  keeping  with  the  assumption  of  one-dimensionality,  the  time 
lag  is  assumed  uniform  across  any  axial  section  of  the  motor. 

3.  Instantaneous  variations  in  mixture  ratio  are  sufficiently  small 
so  as  to  have  negligible  effects  upon  the  combustion  time  lag  or  upon  the  gen¬ 
eration  of  reflected  waves  at  the  nozzle. 

lu  Combustion  is  completed  within  the  chamber  length}  the  flow  of 
burned  gas  through  the  exhaust  nozzle  is  isentroplc  following  a  fluid  particle. 

5,  The  velocity  gradient  along  the  axis  of  the  subsonic  portion  of 
the  nozzle  is  that  corresponding  to  a  conical  geometry. 

A  schematic  representation  of  the  two  models  is  illustrated  in 

Figure.  2, 

The  model  assumed  in  the  simplified  analysis  is  the  result  of  a 
series  of  alterations  to  an  original  representation  by  Crocco  (2)  of  low  fre¬ 
quency  oscillations  in  a  monopropellant  rocket  motor0  This  was  extended  to  a 
bipropellant  motor  with  combustion  occurring  at  the  injector  face  and  with 
quasi-steady  flow  through  the  nozzle.  Further  modifications  included  reloca¬ 
tion  of  the  combustion  at  a  fixed  front  downstream  from  the  injector  and 


15. 


oscillating  exhaust  flow  occurring  in  accord  with  a  linear  velocity  gradient 
along  the  subsonic  portion  of  the  nozzle*  The  present  model  is  one  in  which 
the  actual  combustion  distribution  is  replaced  by  a  discontinuous  "front",  or 
burning  zone,  at  an  arbitrary  fraction  (  |-f  )  of  chamber  length,  the  position 

of  this  front  being  permitted  to  oscillate  with  chamber  gas  properties#  Up~ 
stream  of  this  front  the  gases  are  assumed  to  have  zero  velocity,  while  down¬ 
stream  they  have  a  uniform  velocity  that  is  constant  under  steady-state  con¬ 
ditions#  Also,  in  this  representation  the  velocity  gradient  along  the  axis 
of  the  exhaust  nozzle  is  arbitrary,  and  calculations  for  nozzle  impedance 
parameters  are  based  upon  the  special,  non-linear  case  of  a  conical  geometry. 
The  basic  equation  governing  this  model  is  simply  the  mass  conserva¬ 
tion  equation  stated  in  the  form,  "The  rate  of  increase  of  the  m&Bs  of  gas 
within  the  chamber  is  equal  to  the  difference  between  the  rate  of  production 
of  hot  gases  and  the  rate  of  discharge  of  these  gases #■  Stated  mathematically 
this  becomes s 

(oo) 

where* 

Mg  =  total  mass  of  gas  within  the  chamber  at  any  instanto 

* 

m^j  =  instantaneous  mass  rate  of  production  of  burned  gas# 
m  “  instantaneous  mass  flow  rate  into  the  exhaust  nozzle. 

Before  continuing  with  the  derivation,  it  might  be  well  to  point  out 
several  heretofore  unmentioned  assumptions  and  approximations  which  are  implicit 
in  a  "black-box®  treatment  of  this  sort#  Perhaps  the  most  evident  of  these  is 
the  emission  of  any  effects  of  the  presence  of  liquid  droplets  or  streams. 

This  simplification  is  based  upon  the  premise  that  the  volume  occupied  by  the 
liquid  is  quite  small  in  comparison  to  the  total  chamber  volumej  therefore  the 
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presence  of  such  droplets  cannot  seriously  effect  the  volumetric  changes  in 
hot  gases  resulting  from  pressure  and  temperature  oscillations.  However,  the 
existence  of  a  finite  droplet  velocity  throughout  a  portion  of  the  chamber 
may  have  a  noticeable  effect  upon  the  magnitudes  of  both  time  and  space  lags, 
since  it  may  enter  into  momentum  and  energy  equations  in  a  primary  way.  Then, 
too,  these  droplets  will  certainly  be  sensitive  to  fluctuations  in  gas  velocity 
and  may  thus  contribute  to  oscillation  in  the  position,  distribution,  and  time 
histories  of  the  sources  of  hot  gas  production.  Such  considerations  are  in¬ 
cluded  in  the  more  refined  analysis  which  is  presented  later, 

Another  restriction  inherent  in  this  simplified  mass  conservation 
equation  is  its  validity  only  at  very  low  frequencies  of  pulsation.  This  is 
exhibited  by.  the  tacit  assumption  that  the  mass  of  gas  within  the  chamber 
osoillates  as  a  whole  and,  therefore,  that  the  entire  chamber  experiences  the 
same  gas  pressure  at  any  one  instant  of  time.  The  physical  basis  for  this 
approximation  lies  in  the  fact  that  at  extremely  low  frequencies  the  period 
of  one  oscillation  is  much  longer  than  the  time  required  for  a  pressure  wave 
to  travel  the  length  of  the  chamber  and  returns  thus,  any  small  change  in 
pressure  will  be  transmitted  essentially  instantaneously  throughout  the 
chamber,  and  a  new  equilibrium  level  will  be  reached  before  another  small 
change  haB  taken  place.  This  is  strictly  true  only  in  the  limit  of  zero 
frequency  oscillations,  i.e,,  a  continuous  succession  of  steady  state  condi¬ 
tions,  and  hence  represents  a  quasi-steady  flow  restriction  which  is  also 
removed  in  the  refined  analysis. 

Returning  to  Squation  10,  one  must  express  each  of  the  three  mass 
rates  in  terms  of  quantities  amenable  to  experimental  measurement.  If  one 
defines  a  fractional  variation  in  mass  flow  rate  around  an  average  value  by 8 


pro- 
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and  an  average  gas  residence  time  for  the  full  chamber  by? 

0g  -  Mg/m  , 

where  the  superscript  bar  is  used  to  denote  average  or  steady-state  conditions, 
thenEquation  10  may  be  written  in  a  fractional  form  ass 


(11) 


with  all  terms  to  be  evaluated  at  the  same  instant  of  time,  t0 

Consider  the  third  tern,  representing  hot  gas  generation*  From  the 
oonoept  of  a  combustion  time  lag  described  previously,  it  is  apparent  that  an 
element  of  mixed  propellants  burning  at  time  t  and  contributing  to  m^  (t)  must 
have  been  injected  at  a  previous  instant  t  -  TT^,,  where  represents  the 
total  combustion  time  lag  of  this  element 0  Then,  those  elements  which  bum 
over  the  incremental  time  dt  required  a  corresponding,  but  not  equal,  time 
interval  d(t-ZT7)  for  Injection.  Equating  these  two  expressions  for  the  same 
mass  at  different  times  in  its  history  gives s 

dL-t  -  cl  5  (12) 

Where  m^  symbolizes  the  mass  rate  of  injection  of  the  total  propellants,  and 
the  superscript  parentheses  indicate  the  times  at  which  the  terms  are  to  be 
evaluated* 

This  equation  may  be  re-written  ass 


(l-  ££), 


(13) 


where  the  injection  rate  is  delayed  in  time  by  the  average  value  of  the  total 
time  lag  (introducing  only  second  order  errors),  and  the  sensitive  time  lag 
has  been  substituted  in  the  derivative  expression,  since  the  insensitive 
portion  of  the  total  lag  does  not  vary  with  time* 


* 


n 
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The  variation  of  the  time  lag  around  its  steady-state  value  has  been 
derived  in  Equation  9$  and  differentiation  of  this  expression  with  respect  to 
time,  again  evaluating  the  delayed  terra  at  its  average  time  and  neglecting 


higher  order  quantities,  gives* 
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If  one  now  defines  a  fractional  variation  in  chamber  pressure  by 8 

KO-?v 


Equation  14  may  be  written  in  the  desired  form* 


Substituting  this  expression  in  Equation  13,  introducing  the  previous 
definitions  of  fractional  mass  flow  oscillations,  and  neglecting  products  of 
perturbations,  one  obtains* 


ft)  C-fc-TL) 
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The  injection  flow  rate  oscillation  for  a  bipropellant  rocket  may  be 
broken  up  into  its  two  components.  Performing  this  separation  and  introducing 
a  mixture  ratio  parameter,  H,  defined  by* 

where* 

r-  TOo/^  F 

with  the  subscripts  0  and  F  indicating  oxidizer  and  fuel,  respectively,  gives 


^  +(i  H);v 
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Substitution  of  these  terms  into  Equation  16  yields  the  final  expression  for 
the  fractional  variation  in  rate  of  gas  production*  Thus: 


*  Gl  +(-L t  -n 
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The  next  terra  to  be  examined  and  amplified  is  the  exhaust  rate, 

The  results  of  the  derivation  of  Appendix  A  indicate  the  following  relation 
between  mass  flow,  pressure,  and  entropy  fluctuations  at  the  entrance  to  the 
nozzle: 


zr  r c*  vri  1 
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where: 


.  H&KHSA) /Wr  fractional  entropy  perturbation* 

i l.  =  length  of  subsonic  portion  of  nozzle* 

ft 

o  =*  velocity  of  sound  at  nozzle  throat. 

1*L,  Wg  “  integrated  nozzle  velocity  parameters. 

CO  =  frequency  of  oscillation. 

7f  =  ratio  of  specific  heats  of  gas. 

Some  additional  conditions  must  be  specified  in  order  to  evaluate  the 
fractional  variation  in  entropy.  First,  the  discontinuous  combustion  "front* 
is  arbitrarily  located  at  a  fraction  ( 1  -  -f  )  of  the  chamber  length  downstream 
from  the  injector.  Second,  it  is  assumed  that  after  burning  and  throughout 
the  remainder  of  its  stay  within  the  chamber,  each  particle  preserves  the 
entropy  with  which  it  was  formed,  although  its  temperature  and  pressure  may 
both  oscillate*  Thus,  a  particle  which  burns  at  a  time  t  will  reach  the  nozzle 
entrance  at  a  time-t-^-P  0g  with  the  particular  value  of  £,  which  it  had  at 
the  time  t.  Conversely,  the  entropy  of  gas  particles  entering  the  nozzle  at 
time  t  is  precisely  the  entropy  given  to  them  during  burning  at  time-t-f©gi 
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Thus* 


Ct>  <*~Fe3) 
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(20) 


The  oscillations  in  entropy  taking  place  at  the  burning  station  can 
be  expressed  in  terns  of  measurable  quantities  through  the  first  law  of  thermo¬ 
dynamics,  yielding! 
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(21) 


where  Tg  1b  the  instantaneous  equilibrium  gas  temperature  at  the  end  of 

combustion*  If  one  neglects  the  variation  of  this  adiabatic  flame  tempera¬ 
ture  with  small  pressure  oscillations*  Tg  for  any  element  of  mixture  is 
uniquely  determined  by  the  mixture  ratio  of  that  element  at  the  time  of  burning* 
which  is  precisely  the  mixture  ratio  at  the  instant  of  injection  of  that  element 
a  time  lag  earlier.  Employing  a  correlation  factor*  K,  defined  by* 

the  gas  temperature  oscillation  at  the  burning  station  is  written  as* 


(¥)  ■**(?) 


5 


(22) 


where  the  subscripts  b  and  i  have  again  been  used  to  designate  burning  and  in¬ 
jection*  respectively*  Substitution  of  the  fractional  flow  rate  oscillations 
at  the  injector  and  introduction  of  the  resultant  equation*  along  with  Equation 
21, into  Equation  20  produces  for  the  entropy  oscillations, 
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which  results  in  a  final  evaluation  for  the  exit  mass  flow  fluctuations  as 


follows* 


t 
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The  remaining  term  in  the  original  mass  balance  equation  is  that 
which  expresses  the  rate  of  accumulation  of  mass  in  the  combustion  chamber. 
Since  the  volume  of  the  chamber  is  fixed*  any  perturbations  in  the  mass  con¬ 
tained  therein  must  arise  from  density  changes  only.  Expressing  the  total  mass 
as  an  integrated  density  function  and  applying  the  perfect  gas  law  gives s 
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where*  as  previously  stated,  pressure  is  assumed  uniform  throughout  the  chamber. 
For  a  cylindrical  ohamber  with  combustion  concentrated  in  the  aforementioned 
location*  the  time  rate  of  change  of  this  mass  becomes: 


The  integral  involving  temperature  changes  within  the  chamber  is  thus 
broken  into  two  parts.  The  gas  in  the  zone  upstream  of  the  combustion  front 
is  treated  as  a  stagnant  mass  in  which  turbulent  eddy  velocities  may  exist,  but 
which  has  no  net  velocity  along  the  chamber.  Under  such  conditions  of  recircu¬ 
lation,  mixing  should  be  sufficiently  thorough  as  to  warrant  the  assumption  of 
uniform  temperature  throughout  the  zone,  in  which  case  the  contribution  to  the 
time  rate  of  change  of  mass  from  this  terra  will  become: 
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Neglecting  heat  transfer  from  the  chamber  walls,  the  oscillations  in 
pressure  and  temperature  within  this  region  may  be  considered  isentropic,  so 
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neglecting  squares  of  small  perturbations.  Substitution  of  this  function  into 
Equation  27  gives  * 
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If,  now,  one  specifies  that  the  gas  within  this  recirculation  zone 
remains  stagnant,  then  there  oan  be  no  flow  across  the  combustion  front}  and 
the  position  of  this  front  will  oscillate  in  such  a  way  as  to  retain  a  constant 
upstream  mass.  Therefore,  the  mass  represented  by  the  braoketed  term  of  Equa¬ 
tion  29  must  remain  constant  with  time  and  will  be  equal  to  the  mass  under 
average,  or  steady  state,  conditions  when  f  3  f  and  =  0.  Thus* 

■  n  Ac  ci-F)  C3o) 


and* 
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where  squares  of  perturbations  have  again  been  neglected. 

In  the  remainder  of  the  chamber  downstream  of  the  front,  temperature 
is  varying  with  distance  as  well  as  time  because  of  the  small  fluctuations  in 
mixture  ratio  occurring  at  the  combustion  location.  Each  element  of  burned 

I 

gas  produced  at  this  location  has  its  own  particular  temperature  and  entropy 
determined  by  its  mixture  ratio  at  the  time  of  burning.  In  the  analysis  of 


the  exhaust  flow  term,  it  was  pointed  out  that  the  entropy  of  such  an  element 
remains  constant  as  it  progresses  down  the  chamber  at  nearly  constant  velocity# 
This  constancy  of  entropy  may  be  expressed  mathematically  by  the  use  of  the 
"streaming's  or  Lagrangian,  derivative,  which  states* 

1  (32> 

for  which  the  familiar  traveling  wave  solution  may  be  written,  employing  the 
first  law  of  thermodynamics*  “*■ 

£  U,t)  -TEpl  if**  =  gr*-  d*'/u.U')  {33) 
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where  the  integral  represents  the  time  required  for  a  particle  to  traverse  the 
distance  from  the  burning  station  to  the  point  x  *  a  time  designated  as  0t0$» 
The  form  of  the  function  g  may  be  obtained  from  conditions  at  the  burning  station. 


where  the  value  of  this  integral  is  zero.  Thus* 
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From  this  expression,  neglecting  products  and  squares  of  perturbations,  one 


obtains* 
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Returning  to  Equation  26,  expressing  the  contributions  of  each  of  the 
portions  of  the  chamber  to  the  overall  rate  of  accumulation  of  gas  and  noting 
that  by  assumption  the  mass  within  the  recirculation  zone  is  constant,  one  may 
substitute  the  results  of  Equation  35  to  derives 
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It  is  now  expedient  to  introduce  the  condition  of  sinusoidal  oscil¬ 
lations  in  perturbed  quantities,  in  which  case  all  variables  are  written  in 
the  general  forms 

G  G  e 

H  M  (37) 

so  that  the  time  and  distance  variables  under  the  integral  sign  in  Equation  36 
may  be  separated,  yielding 8 
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For  essentially  constant  gas  velocity,  Ou  is  easily  evaluated  ass 
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enabling  one  to  perform  the  indicated  integrations  of  Equation  38  to  produce 
the  time-dependent  relatione 

where  use  has  been  made  of  the  definition  of  a  gas  residence  time  for  the  whole 

chamber  lengths  , 

©9-  L/u. 

Carrying  out  the  differentiations  indicated,  with  the  expression  for 
instantaneous  location  of  the  combustion  front  given  by  Equation  31j>  the  mass 


accumulation  term  becomes* 


2So 


Substituting  the  exponential  form  for^/l^f  Af  *  and  evaluating 
these  derivatives#  again  neglecting  squares  and  products  of  perturbations# 
gives  the  final  expression  for  the  mass  accumulation  term#  Thus* 
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where  evaluation  of  the  exponential  terms  at  their  average  values  can  be  shown 
to  introduce  only  second  order  inaccuracies « 

Substitution  of  the  sinusoidal  form  for  the  oscillating  quantities  in 
Equations  18  and  2k  and  subsequent  replacement  of  these  expressions  Into  the 
original  mass  balance  relation  as  expressed  by  .Equation  11  results  in  a  complete 
combustion  chamber  equation  which,  after  combining  terms#  has  the  forms 
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Average  values  of  the  four  essential  parameters#  e.g„#  gas  residence 
time#  total  combustion  time  lag#  sensitive  time  lag#  and  interaction  index# 
are  thus  exhibited  in  a  relationship  involving  experimentally  measurable  steady- 
state  and  perturbed  quantities# 

A  few  additional  modifications  may  be  made  to  express  the  perturba¬ 
tions  in  a  more  conventional  form;  thus#  if  one  forms  an  instantaneous  frac¬ 
tional  mixture  ratio  variations 

^2.  -/tc0* 

n 


combines  the  two  steady  state  mixture  ratio  parameters  in  the  forms 

H  +  2K‘* 

and  defines  the  ratio  of  fractional  variations  in  one  propellant  injection 
rate  to  those  of  chamber  pressure  as  the  inverse  transfer  function  of  the 
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rocket  motor ,  expressed  in  a  complex  form  as: 

M' p  -  ^  aL$r= 
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Then  the  final  combustion  chamber  equation  for  the  simplified  model  becomes: 
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Limitations  of  such  a  "black-box11  approach  have  been  pointed  out 
earlier  in  the  discussion.  Their  essential  effect  is  to  restrict  the  range  of 
validity  of  the  final  equation  to  very  low  frequencies  of  osoillation.  The 
following  derivation,  performed  from  a  differential  standpoint,  represents  a 
more  refined  physical  model  and  is  applicable  over  a  higher  frequency  range. 
This  treatment  parallels  that  of  Crocco  and  Cheng  in  the  high  frequency,  so- 
called  "intrinsic”  case  of  oscillations  in  chamber  pressure  with  constant  in¬ 
jection  flows.  However,  the  present  work  extends  the  previous  theories  to  in¬ 
clude  the  derivation  of  a  combustion  chamber  equation  in  the  presence  of  small 
perturbations  in  both  propellant  flow  rates.  In  a  later  step  the  frequency 
of  oscillation  is  extrapolated  from  values  in  the  vicinity  of  acoustic  modes 
of  vibration  to  a  range  an  order  of  magnitude  smaller  and  consistent  with  the 
scope  of  artifically  produced  flow  rate  fluctuations. 

This  refined  theoretical  model  embodies  substantial  gains  in  gener¬ 
ality  over  the  simplified  model,  although  it  still  retains  the  encumbrance 
of  considering  variations  in  instantaneous  mixture  ratio  sufficiently  small 
so  as  to  have  negligible  effects  on  combustion  distribution,  time  lags,  and 
the  generation  of  reflected  waves  at  the  nozzle.  The  major  innovations  of 
this  model  ares  arbitrary  distribution  of  the  combustion  process  along  the 
length  of  the  chamber?  introduction  of  liquid  droplet  mass,  velocity,  and 
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energy  into  the  conservation  equations;  and  the  incorporation  of  acoustic  wave 
travel  considerations  which  admit  the  variation  in  both  amplitude  and  phase 
of  pressure  and  velocity  perturbations  along  the  chamber* 

Certain  restraining  assumptions  are  introduced  in  order  that  the 
equations  may  be  made  amenable  to  reasonable  analytical  treatment*  In  addi¬ 
tion  to  those  of  one-dimensionality  and  linearization  of  perturbations,  the 
refined  model  contains  two  simplifications  concerning  the  motion  of  liquid 
droplets  in  a  streaming  gas  atmosphere*  First,  in  describing  the  momentum  of 
these  droplets,  a  simple  drag-type  expression  is  employed  in  which  an  overall 
coefficient  exists  inversely  proportional  toa  a  Heynolds'  number  based  on  drop¬ 
let  diameter*  Effects  of  evaporation  on  the  droplet  dynamios  are  neglected; 
hence  the  droplet  drag  coefficient  is  considered  constant.  Second,  the  compli¬ 
cated  transfer  of  energy  to  and  from  the  liquid  as  a  result  of  drag,  evapora¬ 
tion,  and  thermal  radiation  and  oonveetion  is  treated  by  assuming  that  the  loss 
in  droplet  kinetic  energy  is  balanced  by  the  gain  in  thermal  energy  in  such  a 
way  that  the  stagnation  enthalpy,  per  unit  mass,  of  a  particular  droplet  remains 
oonstant  until  the  total  mass  of  this  droplet  has  been  transfozmed  into  burned 
gas. 


Operating  under  this  framework  of  assumptions  and  following  the 
notation  of  Crocoo  and  Cheng  (!},  the  equations  for  one-dimensional  motion 
of  the  gas-liquid  mixture  within  the  combustion  chamber  may  be  written  in  a 
non-dimensional  form  ast 
Conservation  of  mass* 


if  +  a&ea  =  a«r  »  -  if*  -  LZhJ±±)  •. 

By  a*  gt  ax 

Conservation  of  momentum  (neglecting  wall  friction)* 


(45) 
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Conservation  of  energy  (neglecting  vail  heat  transfer )* 


dur 

3* 


Gas  phase  equation  of  states 


(i*7) 


p-IRT 

Droplet  dynamios  relations 

4  Ua  »  k  (-a  - 

Droplet  energy  balances 

-0 

at  2* 

The  various  quantities  Involved  are  defined  byt 
x  =  axial  distanoe  from  injector  face 
t  =  dimensionless  time 
J*  9  density 
u  =  velocity 

w  9  rate  of  produotlon  of  burned  gas  in  the  total  volume 
between  the  Injector  face  (x  9  0)  and  the  station  x 
p  =  pressure 

* 

Y  9  speolflc  heat  ratio  of  combustion  gases  (51) 

e  9  internal  energy 
h  9  onthalpy 
T  -  temperature 
k  9  droplet  drag  coefficient, 
and  the  subscripts  are  to  be  interpreted  as  follows* 
s  9  stagnation  conditions 
1,  p  9  liquid  propellant  properties 
Reference  values  chosen  for  non-dimensionallzation  are  those  of  the 
properties  existing  at  the  injector  face,  along  with  chamber  length  and  the 
speed  of  sound,  c0,  at  the  injector  face.  Enthalpies  have  been  non-dimensionalized 


(1*8) 
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by  the  quantity  111  *  1 

Cn  T  R  '  O 


,  so  that  under  the  assumptions  of  constant 


Y  and  Gp  throughout  the  variations  of  gas  temperatures  involved,  one  may 


write 8 


dLh*cU  o.nd  Ah- AT 


Also,  the  quantity  hp  represents  a  common  value  of  the  internal  energy  and 
enthalpy  of  the  liquid  phase,  including  the  chemical  energy  of  the  propellants; 
and  in  expressing  the  gas  phase  stagnation  enthalpy,  use  has  been  made  of  the 
energy- enthalpy  relation  in  non-dimensional  form* 

In  steady  flow  all  time  derivations  are  suppressed,  and  correspond¬ 
ing  equations  may  be  written  subject  to  the  boundary  conditions  at  the  in¬ 
jector,  X»0! 

urCo}  =  0}  f«oUjt0»uv,  hP*  hpe  (53) 

where  w^  is  the  injection  flow  rate  per  unit  cross-sectional  area  of  the 
chamber*  These  steady-state  quantities,  indicated  by  a  superscript  bar,  are 
related  byg 

o-n«J  . 
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Rewriting  Equation  $6  with  the  help  of  Equation  528 


(56a) 
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Employing  this  results  a  relation  between  the  steady-state  burning  rate  and 
gas  velocity  is  obtained  (using  the  perfect  gas  law)  in  the  forms 
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Combustion  will  be  restricted  to  the  length  of  the  chamber,  with  all 
burning  complete  at  x  =  1,  the  gas  velocity  having  reached  a  final  value  0 
From  Equation  58,  then 8 
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Sufficient  relationships  now  exist  in  Equations  5U  through  59  so  that 
by  specifying  the  distribution  of  steady  gas  velocity  u  (x)  only,  the  burning 
rate,  temperature,  pressure,  density,  and  liquid  velocity  distributions  may  be 
calculated  for  any  given  injection  flow  rate  and  droplet  drag  coefficient. 

Before  proceeding  to  the  unsteady  equations  of  motion,  one  may  de¬ 
termine  some  simplifying  conditions  from  an  analysis  of  the  order  of  magni¬ 
tude  of  the  fundamental  variables  involved  in  the  steady  state  framework.  As 
a  result  of  the  choice  of  reference  quantities  for  non-dimensionalization,  the 
gas  velocity  at  the  end  of  the  chamber  is  very  nearly  the  Maoh  number,  M, 
at  that  section  and  is  therefore  determined  by  the  area  ratio  of  the  nozzle. 

For  all  practical  motors,  excluding  throat, less  varieties,  the  value  of  H  at 
the  nozzle  entrance  is  of  the  order  0.1$  and  this  quantity  may  be  used  as  an 
order  of  magnitude  reference  to  which  all  other  quantities  will  be  compared. 

In  suoh  a  range  of  values  Si  is  approximately  equal  to  M$  and  for  combustion 
gases  in  which  the  speed  of  sound  is  of  the  order  of  3000  ft./see fij*  will 
be  approximately  300  ft0/sec0  From  these  rough  figures  and  from  the  droplet 
dynamics  Equation  57,  one  may  deduce  that  within  the  scope  of  operational 
injector  designs,  the  liquid  velocity,  ,  must  also  be  at  most  of  order  M 
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not  only  near  injection  but  throughout  the  chamber.  Figure  3  shows  schemati¬ 
cally  the  variation  in  tip  to  be  expected  from  a  typical  u  (x).  The  magnitude 
of  the  drag  coefficient  k  may  be  deduoed  if  one  considers  the  extreme  case 
u  =  Oo  Under  such  conditions ,  the  droplets  would  come  to  rest  at  some  distance 
down  the  chamber  which  may  be  called  the  "penetration  distance"  of  the  droplets. 
Taking  half  the  chamber  length  as  a  safe  estimate  for  thiB  distances  the  value 
of  k  becomes  2  ~&X0  ^rom  ®J.uafcion  which  indicates  that  the  actual  range 
of  values  of  k  must  be  of  order  M. 

With  this  information  in  mind*  one  finds  from  Equations  55  through 
59  that,  correct  to  terms  of  order  M2,  indicated  by  the  symbol  0(M2)8 

T-T-T-l 

I 

ands  (60) 

.  or-= 

Also,  from  Equation  5k p 

J^KrTL+O 

Therefore, 

7a-oC0  (61) 


An  additional  approximation  may  be  made  in  the  droplet  enthalpy 
equation.  So  little  information  is  available  concerning  the  Interaction  be- 
tween  droplet  velocity,  droplet  diameter,  evaporation,  and  the  combustion 
process  in  a  two~phase  system  that  the  effects  of  non-uniformities  of  droplet 
size  and  perturbations  of  injection  velocity  on  the  droplet  energy  balance  will 
be  neglected,  and  the  liquid  stagnation  enthalpy  will  be  considered  constant 
throughout  the  flow  fieido  Thus  8 

=  constant  (62) 

Z 

Proceeding  now  to  the  derivation  of  perturbation  equations,  one 
treats  each  physical  variable  as  the  sum  of  a  steady  state  component  and  a 
linear  perturbation,  sufficiently  small  so  as  to  make  terms  of  second  or  higher 


■  7 
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order  in  these  perturbations  negligible.  Considering  only  neutral  oscillations 
and  indicating  perturbations  by  a  superscript  prime,  one  may  write* 


« J5L  ^  mj£.  £st 

(p^0  a'k)  yoft  ^00 


(63) 


where  s  *  ioJ 


Replacing  the  instantaneous  values  of  liquations  h$  and  1|6  with  their 
linearised  foras,  subtracting  the  steady  state  equations,  and  introducing  the 
notation  of  Equation  63.  one  obtains* 


sr+±(fV.vo-yQ.-&±-±_(Y,ri^l)  m 

(65) 


The  droplet  energy  Equations  kl»  56,  and  62,  combine  to  give* 


where  the  value  of  hs'  f  h'  +  (tf-1  )■#  =»  T1  +  ( "if— 1  )2E & 

However* 


.  J 


t~  fLr 


9  from  the  equation  of  state, 


so* 


-T  ,fV  (tM)  f  »  ^rom  which  Equation  66  becomes* 


t 


<(>-?  <r+(r-i)?V'? 


The  droplet  motion  Equation  1*9  becomes* 


(66) 

(67) 


(68) 


^+(4+-^+k)7=kj/ 


(69) 


I 
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Boundary  conditions  at  the  injector  end  of  the  chamber  (  x  *  0  )  are 
as  follows? 

(a)  u(Ojfc)  -  u0  «  i/t ,  **0?  )/  (o)  =  0  for  all  t, 

(b)  Since  no  burning  has  yet  occurred,  CErCo)  -ur  '(o')  «  ^  Co}  30 

(c)  For  constant  liquid  bulk  density  in  the  injector  passages 8 

ffl^l  =  -?!0Ac  (70) 

where  A^  and  Ac  represent  the  areas  of  the  total  injector  ports  and 
the  chamberj  respectively. 

Then? 

constant» 411,1  ^  **  °* 

(d)  3^0 

At  the  nozzle  end  of  the  chamber  (  x  **  1  ),  burning  is  complete;  and? 

Oj  (71) 

Five  ordinary  linear  differential  equations,  e.g.,  6ij,  65,  67,  68, 

&2,  have  thus  been  derived  for  the  six  perturbations,  ft. 

A  sixth  relation  will  be  furnished  by  the  burning  rate  equation  in  which  the 
important  time  lag  parameters  are  introduced.  However,  before  proceeding  to 
this  final  derivation,  the  existing  equations  are  put  into  a  form  suitable  for 


iterative  solution  by  combining  the  variables  into  groups  defined  as  follows* 

)T5 

y,  ±  -  s  i + (h  ■ -  m  -v.  (i  ■ -t)  f  -  (t--d  r 

^  <t>  <t>0  ^ 


X  »W-1) 


(72) 


TO  <j>6  <t>o  (|>0 


-/ 


3lu 


where  all  perturbed  quantities  are  compared  to  a  reference  value  of  the  pressure 
fluctuations  at  the  injector,,  In  terms  of  these  grouped  variables,  Equations 
61i  and  6 5  becomes 


WS.3U-sj?-ir 

ftx  (LX 


(73) 


which  can  be  rewritten,  with  the  addition  of  two  new  combined  terms,  E  and  F, 
in  the  more  nearly  symmetrical  form: 


£4y*s(A:T>4fr-x>5E 


(7U) 


Treating  E  and  F  as  if  they  were  known  functions  of  x,  these  equations 
are  integrated  directly  to  gives 


(75) 


dbx* 


&+T*C,i h;sx-hC2CoilMSX-S  I  IfOOco^h^-^VEMs^KbO-x') 
JL Co&h  SX.-Cj.s i h  h  SX+ jjf  (*) 6 1 n h  s(*-y ')+  E  CK0co*5.h‘ SU- x ') 

The  constants  0^  and  Cg  are  determined  by  evaluation  of  the  various 
quantities  at  the  Injector  boundary,  where  these  conditions  are  given  by 
Equation  70«  Substituting  these  values  into  Equation  75  gives 8 


5x-yTa^  -  j  s 


Vj 


dosKsG^')+£6f')$»  n  h  sGc-x1} 


d* 


ul 


(76) 


2^=-(lt2urL  ^5inhS)(4y^)+2r5 


F(\OsmV\S(X-Xl)f  £0‘)c  os 


dx' 
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The  additional  relation  between  q(x)  and  the  other  variables  arises 
from  the  burning  rate  equation,  which  is  based  upon  the  combustion  time  lag 
concepts  discussed  earlier*  Consider  the  fraction  of  injected  propellants 
burning  in  steady  state  between  stations  x  and  x  +  dx.  Call  this  fraction 
and  assume  that  the  time  lag  XT  (.7  }  which  this  fraction  ex¬ 
perienced  in  reaching  x  is  the  same  for  all  particles  or  elements  within  the 
fraction  ,  although  it  may  differ  for  different  fractions  burning  at 

stations  other  than  £•  Thin  fraction,  then,  was  injected  at  time  ("t-  ) 

as  a  fraotion  of  the  injeotor  mass  flow  rate  'Y/l^  • 

In  the  unsteady  case,  define  a  new  fraotion  of  injection  mass  flow 
rate,  >  such  that 5?%  is  the  same  geometrical  fraction  of  r)YlL  as 

is  of  v>\.  ^  *  Thus,  the  fraotion  of  unsteady  flow  rate  and  the  fraction 

of  steady  flow  rate  are  considered  as  existing  at  geometrically  similar  positions 
within  corresponding  propellant  streams  in  the  Injection  pattern*  This  fraction 
now  experiences  a  time  lag  xT  (x)  (in  general  different  from  (*)  ) 

and  finally  burns  between  stations  x  and  x  +  dx,  producing  a  fractional  burning 
rateS'w\|5  • 


Having  defined  the  relationship  between  J* *rc\^  and  5"  ^  i  on®  must 
then  express  some  relation  between  Uy  OO  and  •  For  this  pur- 

pose  suppose  that  chamber  and  throat  geometry  are  instantaneously  varied  in 
such  a  way  that  during  the  combustion  of  the  steady-state  thermodynamic 

conditions  exist,  i*e«,  p  «  p,  T  «  f,  etc.  Then  J (which  is  shielded  by 
other  propellant  elements  in  the  same  way  as5*/VA*|_,  and  which  experiences  the 
same  break-up  of  droplets  and  jet-spreading  from  hydraulic  influences  as 
does  5‘^L  )  is  flowing  through  a  gas  atmosphere  in  the  same  thermodynamic 
state  as  that  through  which  5  flowed*  The  final  transformation  of 
propellant  elements  into  hot  gases  can  only  take  place  after  these  elements 
have  reached  a  well, -determined  energy  level,  Saj  and  the  time  required  to 
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reach  this  level  depends  directly  on  the  rates  at  which  the  energy  transfer 
processes  take  place.  These  rates  are  primarily  functions  of  pressure, 
temperature,  mixture  ratio,  and  relative  velocities  between  fluid  particles 
and  gas.  Since  the  relative  velocity  (u^  -  u)  is  determined  by  the  burning 

rate  distribution  itself  (which  produces  u),  its  variation  with  changes  in 
injection  flow  rate  will  probably  be  a  second  order  quantity.  Therefore, 


postulating  constant  mixture  ratio  even  with  varying  injection  flow,  the  rates 
of  energy  transfer  to  the  droplets  are  all  approximately  the  same  for  5/vri  h  as 
for  »  under  the  aforesaid  hypothetical  restriction  of  the  same  pressure 

and  temperature  in  the  two  cases.  This  implies  that  under  similar  conditions 
the  time  required  to  transform  the  droplets  into  hot  gases  will  be  the  same 
for  5”‘7n’0  as  for  .  That  is,*fr  (x)  =  TJ-r  (x).  It  must  be 

emphasised  that  even  under  these  imposed  conditions  of  similarity,  x  will  not 
In  general  be  equal  to  x  .  Thus,  if  the  velocity  of  the  droplets  in 
Xy^.  is  greater  or  less  than  the  velocity  Uj,  of  the  droplets  in 
,  the  station  x  at  which  they  burn  will  be  correspondingly 
greater  or  less  than  x,  since  the  same  time  elapsed  in  both  cases. 

This  assumption  can  be  expressed  mathematically  by  sayings 

when:  P=  P  f  =.  * 


(both  quantitatively  and  geometrically) 


then:  X-p 


where:  <5"rA'l,  burns  at  station  x,  and  (77) 

"  "  *  x 

and,  in  generals  X  ^  X 

Proceeding  to  the  derivation  of  a  relation  for  q(x)  from  w(x,t) 
and  1  (x),  one  obtains  from  the  definition  of  w  (x)  as  the  rate  of  gas 
generation  in  all  the  volume  between  x  =  0  and  x  ~  X  , 
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5" Vru  b  =  diuT-Cx)  d* 

dx 


(78) 


Similarly: 

5**vVv..  =.  3wQt,-Q  d> 

3X 

However,  J’^-b  i®  ^he  fraction  of  propellants  injected  at  time 
(t  -TT-r  (x)  )>  hence: 

J''viK,bcL-t  jL(t-*6T^»  (T'tSvi,  eLfc  (79) 


Now,  J'Yn,  was  injected  as  cP*^.  i  at  time  (ts-'V-j  )j  but  the 

short  interval  of  time  dt  during  which  burns  is  not,  in  general, 

equal  to  the  interval  of  time  in  tkich  5“-A.*b  was  injected.  Rather,  as 
shown  previously  in  Equation  12: 


5" cL»t*  =•  6>rn.t,  d  it- 


or: 


<T 7A.  bCO  =  S’  ^  Ct.-'tO  (l  ~  ^  ^ 

Then,  from  the  definition  of  of  Equations  77: 

(F ry\b(t)~'^r^l  /’l-  dL/t  \ 

b  ^  ^  j 


or,  substituting: 

.  -r*  •  / 

't'Vn  j 


OO  e 


1+  -d*& 

'Vn*u  dt 


which,  employing  the  relations  of  Equations  78,  becomes* 


2 or C+,t)  dx  =  duK*)  oLX 

ax  dx 


'Vwi 


dt 


(80) 


(81) 


(82) 


In  order  to  integrate  both  sides  of  this  equation  over  the  same  total  mass  of 
propellants,  one  must  integrate  the  right  side  over  those  fractions  irtiich  burn 
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in  steady-state  between  0  and  x  and  the  left  side  over  those  fractions  burning 
in  unsteady-state  between  0  and  x  (x,t),  noting  that  w  (0)  =*  w  (0at)  =*  0  for 
all  fractions.  Then* 

vat(x^— wrCO~  d  OO  cLx  4-  Li)  $1*  (33) 

ori;  dA 

vJ_  x  l* 

From  the  time  lag  assumptions  previously  expressed  by  Equation  11+  * 


-  -01 5  p'lAO  -  p  I  CxO  )t -W) 

dX  P  /  |j 


where  $  (x)  is  the  station  at  which  an  element  burning  in  steady  state  at 

x  begins  the  portion  of  its  time  lag  which  is  sensitive  to  chamber  conditions. 
From  this  definition  If  (x)  and  IT  (x)  are  related  by* 


»  -  TT  U)  (85) 

UjiCx!) 

Jfco 

Now  since  w  (x,t)  “w  (x)  +  v*  (x*t),  Equation  83  becomes* 

ur = w?  ( >0  -  U>  00  ~  \“  +  I  ^~^l)  cUaTCx1)  A  x'  (36) 

\d-tr  \  mi  ^x. 


lag  is  expressed  as* 


In  order  to  find  the  relation  between  x  and  x,  the  insensitive  time 

rt 

ressed  as*  K 

U-JL  jb  )  j 

Uo  ,  where  t  is  the  time  when 


the  element  was  at  station  x*  » 


That  is* 


U'jJLjfcu*  Xjt-'c*')  0t*4  xWM 
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However,  since  "C; 


constant. 


u 


I  . 

djX1  _ 


r? 


Ax' 

ViW  J 


f 

_riX 

itaCO 


r 


f 

oLx1 


(88) 


f 


EiCx'J 


Neglecting  higher  order  terms,  since  ir-Fi  c<1i 

‘\dsL.H_ 

J-fyC*')  vcaCV 

¥ 

Then,  Equation  88  becomes* 

f 


^$*1^  fix* 


iTcx’j 


(8?) 


In  the  unsteady  case,  Equation  2  representing  transfer  of  energy  to 
the  propellants  by  a  rate  function  ^  ,  is  expressed  asi 

A* 


■X 

r 

BF  J 

&L . 
1.65 


1.90) 


in  the  unsteady  case. 


where  2  dLt'  = 

Uf(x') 

The  function  J-  may  be  written  as  in  Equation  l;t 


fun 


Xjt'CxO 


-f 


i+V(xVtO 


(91) 


where  use  has  been  made  of  Equation  60  for  evaluation  of  p  •  Splitting  the 
integration  of  Equation  90  from  to  x  into  three  parts  and  neglecting 
higher  order  terms,  one  obtains,  as  before* 

f  rT 

y -x 

UuCvO  &JL  tV 


J&L-  -  MlJL.  O-'nd 


i 

so  that  after  substitution  of  Equation  89,  Equation  90  becomes* 


The  first  term  In  Equation  93  represents  &  shift  in  the  instantaneous 
burning  station  due  to  a  change  in  droplet  velocity  from  that  experienced  in 
steady  state,  and  the  second  term  is  the  contribution  of  a  changing  time  lag 
arising  from  fluctuations  of  the  pressure  around  its  steady  value.  Considering 
only  terns  of  first  order  in  the  perturbations,  one  can  evaluate  the  integrals 
In  Equation  93  at  x  and  !*  instead  of  at  x  and  %,  •  Also,  to  this  order 

of  approximations 


drfrffi  q-y) 
OLX 


(94) 


Substituting  for  (x  -  x)  from  Equation  93s  replacing  w  by  its  equiva¬ 
lent  u  (from  Equation  60),  and  inserting  these  terms  plus  the  value  of 
into  Equation  86  gives  ^  _  — , 


p'  lofyt-’euO 

J  <JLX’ 


ex’ll  cu« 


$*tVj 


to 


where  the  time  t  is  related  to  t  by  the  equation 

r  * 


t'CX'J-st- 


lx.  «*[*“*•  <Xl] 


which  «ua.  be.  approximated  by* 
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f* 


t'oO=t- 


dU" 

%  c»o, 


(96) 


since  it  is 


only  used  in  computations  of  the  perturbations* 

The  expression  for  v'  (x,t)  given  in  Equation  95  consists  of  a  first 
tern  due  to  tine  variations  in  the  local  burning  rate,  a  term  due  to  the  vari¬ 
ation  in  injection  flow  rate,  and  two  terms  due  to  the  variation  in  locality 
of  the  burning  station,  one  contributed  by  time  lag  variations  and  the  other 
by  a  kinematic  displacement,  i.e.,  a  change  in  *penetration*  of  the  droplets. 

In  terms  of  the  transformed  perturbation  variables  of  Equation  63# 
for  exponential  oscillations,  this  burning  rate  equation  is* 


J0L  k  J 

V.I 

-  *»xL.^xO 

T?0e  _  t&cp  m  + 


(97) 


^  ^y11 

J&L.  e*teV- 
?c^S)e  JgS® 


The  required  six  equations  in  terms  of  the  six  perturbation  variables 
have  now  been  derived.  Substitution  and  evaluation  of  the  combined  unknowns 
Y(x),  T(x),  E(x),  and  F(x),  must  be  accomplished  in  order  to  reduce  Equation 
76  to  a  pair  of  simultaneous  equations  in  two  unknowns.  The  first  step  in 
this  process  might  logically  be  solution  of  the  droplet  dynamics  relation. 

This  linear  differential  Equation  6?  may  be  rewritten  in  the  form* 


(98) 


Multiplying  both  sides  of  the  equation  by  an  integrating  factor, 

(stio  fei- 


r  ; 
1 


\)  ! 


i 

i  \ 


1*2. 

the  left-hand  side  becomes  an  exact  differential}  and  the  equation  is  immedi¬ 
ately  integrable,  The  boundary  condition  expressing  oscillation  of  injector 
flow  rates  is  simply 8  at  x  =  0 > 
from  which  the  solution  of  Equation  98  ist 


Substituting  this  result  into  Equation  97 t  making  use  of  the  defini¬ 
tion  of  average  total  time  lag  of  a  particle  burning  at  location  x  ,  namely* 

rX 


JAttO 


the  burning  rate  equation  becomes i 

X  to  4  d»  ,-JW* 

Vc  To  V  V 


fit* 


e 


-|<  &CX)  £^r!5il  flLx*  [±Ufle^0trL°dl^- 

*  <t*  J  £  «'■>  J.  t„ 


-1&.  JCjiCO  e‘s  V»  D  ai 

f.  ^ 


where 8 


oco-  ( W) - <t&c v3 ciT Cl°  ) A»<  »'■> JL* 
JC  cf)0  J  *■*' 


is  a  quantity  directly  related  to  the  pressure  sensitivity  of  the  burning 
rate;  and* 
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is  a  tern  involving  the  effects  of  droplet  drag  on  the  oscillation  in  burning 
station  of  a  propellant  element, 

A  number  of  terns  in  the  burning  rate  equation  as  well  as  in  the  com¬ 
bined  Equations  76  become  considerably  simplified  if  one  performs  an  order  of 
magnitude  analysis  on  the  quantities  contained  therein. 

For  this  purpose,  it  is  assumed  that  steady  state  combustion  is  suf~  # 
fibiently  distributed  so  that  maximum  local  values  of  are  of  order  unity; 

d-x 

that  the  dimensional  sensitive  time  lag,  ,  is  of  the  order  of  the  wave 
propagation  time,  hence  X"  is  of  order  unity;  and,  furthermore,  thatt 


<|>o  4>o 


=  0(1).  (103) 


For  ^ClO^OCO 


Equation  83  shows t 


+00*0 

*CjL^ 


The  pressure  oscillation  at  a  particular  burning  station,  x  , 
can  differ  from  that  at  the  beginning  of  the  corresponding  sensitive  time  lag 
by  a  quantity  at  most  of  0  (M),  since  (by  virtue  of  103 )t 


(boo  ,  (iff  c<H+i/AA)(x~T)  +o(nx) 

on  &  $0 

>]«  4-  }  -  6 c*> = oCmX 

4>e 

Insertion  of  this  relation  into  Equation  101  then  givest 


(104) 


QU)-  to i-ctTtw <u\  1  ii‘ 

J  t  o  L  L 


(105) 


Crocco  (1)  has  shown  this  to  be  true  for  moderate  6J  when  j3  is  not  too  large. 


w. 


For  the  neutral  oscillation  condition  specified,  where  s  =  i4) t 

-sF(x')  =  qU) 


Hence,  because 


integrates  to  a  quantity  of  0(M),  the  second  integral 


in  10£  is  of  0(lr)  and  may  be  neglected,  giving* 


Qooa 


<t>c 


o  l_ 


<Wo  d*‘=  oCM) 

*Lx‘ 


(106) 


A  similar  simplification  is  applied  to  the  third  term  of  Equation  100. 
In  this  term,  the  variable  of  integration,  x'  ,  lies  between  x  and  (x).  Then* 


and* 


(X-V)sX-?W=c^) 

<£oo = (*-x0 + o  C  mO 


from  which  the  term  in  question  is  written* 

X 


f*  s\i£-n 

Ml  e  cL x‘  =  ?!«*  4^  4^ 

<fcTC,ClO  T. 

X 'to 


-1  4^4: 


_  To  X  _ 

'fco 


XJtapO 

C_L^' 


The  first  portion  of  this  integration  may  be  performed  directly;  and  for  the 
purpose  of  order  of  magnitude  determination  a  proper  mean  value  of  the  inte- 


71  U.J^ 
*  eLr. 


rx  sj  oU" 

r-<#^ 

*00  ,-iV  -  -If  2T.«)  (XX) 

1-C  ? 

«s  ^7 

eiBOO 


dx 


_  yj  K ’  oljE  jMj 
<5tx  4»0 


1  d£. 


(107) 


(H'JcW^K1 

?O0 
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The  barred,  bracketed  quantity  represents  the  mean  value  chosen  and  is  of  0  (1/M)* 
Since  the  exponential  interior  integral  is  at  most  of  0(1),  the  maximum  value 
of  the  second  term  of  107  ist 


7\tZJLU')lKC'Q' 

oCV.  <J)o 


3.  J 


J_  cLb 

which,  from  Equation  103  and  the  discussion  immediately  following  it,  is  of 
0(M2).  Thus*  > 
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The  order  of  magnitude  of  injection  velocity  perturbations  is  deter¬ 
mined  by  the  size  of  mass  flow  oscillations  as  followst 

*0=*  *n= &0%  ^ 

so  that.  tfj*  =CTq  f±)Ac 


or,  if.  \ j  C 

perturbation  of  Injected  mass  flow  becomes. 

At  «.  V<-f 
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However,  from  Equations  70, 


Vo 


,  then  the  fractional 


Hence * 


The  actual  magnitude  of  mass  flow  fluctuations  in  the  injected  streams  is  ar- 


(109) 


bitrary,  since  these  are  to  be  artifically  produced  in  the  laboratory*  In  the 
present  program,  the  fractional  flow  rate  oscillations  will  be  limited  to  the 
same  order  of  magnitude  as  the  fractional  pressure  perturbations.  Then* 
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An  inspection  of  Equation  102  shows  that  the  droplet  drag  integral 
D(x)  =  0(l/M^),  so  that  the  final  term  of  Equation  100  is  of  0(1). 

Combining  the  results  of  Equations  10U  through  110,  the  burning 
rate  equation  becomes: 
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where: 


:  1 


and  D(x)  is  given  by  Equation  102. 

The  order  of  magnitude  of  the  first  two  terms  and  the  initial 
expression  within  the  brackets  is  0(M)j  the  second  contribution  inside  the 
brackets  is  0(l)$  and  the  final  expression  is  of  an  order  not  yet  determined, 
but  which  is  shown  by  inspection  to  be  not  greater  than  0(l/M). 

The  order  of  magnitude  analysis  may  now  be  extended  to  treat  the 
combined  variables  E(x)  and  F(x)  appearing  in  the  two  basic  Equations  76*  From 
the  definitions  in  Equations  72  and  71*  and  the  order  of  magnitude  assumptions 
and  determinations  of  the  preceding  pages,  these  may  be  written: 
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For  the  case  of  neutral  oscillations  of  moderate  frequencies. 


s  s  iw=  0(1),  the  final  terms  in  Equations  76  are  of  the  forms 
•  X 


tfSFOOfi* "'cU'  j 


so  that  the  orders  of  magnitude  of  the  unknowns  will  be  analyzed  in  this 
integral  context.  The  initial  quantity  of  interest  is,  thens 
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which  is  broken  up  into  five  contributing  terms  by  Equation  111.  The  first 
of  these  is: 
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The  interior  integral  produces  an  expression  of  maximum  0(M)j  and 
for  n  of  0(1),  as  may  be  expected  for  most  of  the  physical  processes 
involved,  the  entire  term  is  of  0(M).  The  second  term  is  also  0(ivi), 
appearing  in  the  forms 
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The  third  term  becomes: 


■  i 


S"a 

X 

\-ciW 

iS  jtx'  -  0  ( M'O 

(116) 

Vj 

<f) 0 

0 

.  _ 

ci-V 

i 

since  the  maximum  value  of  both  exponential  terms  appearing  in  the  integrand  is 


The  fourth  term  of  this  burning  rate  contribution  is* 
ti  J  a*' 

o 

Here  D(x '  )  =  0(1/M3),  (x  '  )  =  0(M),  l2*2j£o  =  0(M2),  and  the 

3s  c 

maximum  ^alue  of  the  exponential  factor  is  again  1.0.  Therefore: 


where  the  maximum  value  of  the  first  three  factors  of  the  integrand  has  been 
removed  from  beneath  the  integral  for  the  purpose  of  order  of  magnitude 


evaluation* 


The  final  term  will  be  retained  in  its  original  form  for  the 


present,  resulting  in* 
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whioh  is  at  most  of  0(M),  depending  upon  the  integrated  value  of  —  • 


Collecting  all  the  terms  from  the  burning  rate  relation  as 
expressed  by  Squat ions  11U  through  118,  one  obtains* 
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The  next  term  of  Equation  112  to  be  evaluated  is* 
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Rewriting  Equation  68,  neglecting  terms  of  Q(M2)* 
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Multiplying  by  the  factors  YbU  (x1')  S  and  integrating  gives* 
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The  quantities  ^  ,  and  *jj-  have  been  assumed  of  0(1)  in  Equation  103. 

2 

Therefore,  the  last  two  terms  are  of  0(M  ),  since  integration  produces  at  most 
the  product  of  u2  (x)  times  a  quantity  of  0(1).  Then* 
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The  third  term  of  F(x)  contributes  an  integral  expression  of  the 


form* 
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Substituting  for  the  perturbation  ^  from  Equation  99,  this 

S’  o 

contribution  becomes* 
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Since  (*)  —  0(1)  by  Equation  61*  and  since  the  drag  coefficient*  k*  is  always 
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Prom  Equation  103*  =  0(1)  t  and  the  first  term  of  121  is  at  most  of  0(M). 

The  second  term*  based  on  Equation  110*  is  of  0(M^)j  and  the  resulting  expression 
may  be  written  % 
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The  final  term  contributing  to  the  integrated  form  of  F(x)  is* 


dy‘ 


The  order  of  magnitude  of  the  perturbation  variable  C*')  j<$a  is 
determined  from  the  right-hand  side  of  Equation  6k,  rewritten  asi 
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Direct  integration  of  this  differential  equation  subject  to  the 
boundary  condition  £C°)*°  *  produces  the  result* 
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The  order  of  magnitude  of  -4-  ki. 


of  Equation  6k  to  be: 
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ia  found  from  the  left-hand  side 
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where  the  magnitude  of  the  final  term  is  determined  from  Equation  68  as  0(1). 
Then,  by  virtue  of  Equation  103,  all  terms  in  the  expression  for  ^k-io(})  $ 

and  the  contribution  of  the  first  integral  of  Equation  123  is  0(H). 

The  value  of  the  second  integral  in  this  equation  is  obtained  from 
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an  Integration  by  parts  of  <?]?«  Thus* 
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In  this  relation,  all  terms  are  of  0(M)<,  for  moderate  values  of  s  j  hence  the 
second  integral  of  123  will  also  be  0(M)o  Thens 
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With  this  order  of  magnitude  in  mind.  Equation  6k  will  be  multiplied 
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With  the  orders  of  magnitude  of  both  j3CyV^C*y^°  andT^*^  (^/<{}0 
given  by  Equations  124  and  12 5  as  0(H),  integration  by  parts  of  the  last  two 
terms  in  126  indicates  their  contributions  vill  be  0(M2)  and  may  be  neglected* 
Similarly,  any  terms  of  0(M)  contributing  to  *^12  will  produoe  negligibly 

c 

small  terms  when  integrated  as  a  part  of  the  first  term  of  126*  Employing 
Equation  111  and  retaining  only  terms  of  0(1),  one  obtainst 
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°  An  examination  of  Equation  119  shows  thatt 
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so  that  the  final  integration  of  127  will  produce  only  terms  of  0(M2), 
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and  is  of  0(M)  for  all  moderate  values  of  s  • 

Collecting  all  the  terms  contributing  to  F(x)  from  Equations  114 
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through  128,  one  writes* 
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where  all  terms  have  been  shown  to  be  of  0(H)  when  integrated. 

The  corresponding  evaluation  of 

Y*E(*')e  ^  W 

is  considerably  simplified  by  employing  the  results  obtained  for  order  of 
magnitude  of  the  terms*  -fjt  AND  A^C.*)  — 

are  of  0(M), 

Thus,  Equation  113  becomes* 
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All  the  terms  in  the  original  complex  set  of  Equations  76  have  now 


been  examined  for  their  orders  of  magnitude  and  have  been  related  to  two 
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primary  perturbation  variables ,  and  ^  • 
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Now,  noting  that: 
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Solution  by  Iteration  for  Small  q) 


Sinee  the  integral  Equations  132  are  not  amenable  to  direct  analytical 
solution,  a  procedure  is  adopted  in  whioh  successive  Iterations  are  performed, 
each  including  terms  of  a  smaller  order  of  magnitude  than  the  preceding  onec 
Considering  terms  of  order  M2  negligibly  small,  two  iteration  steps  are 
required,  the  first  including  only  terms  of  order  1.0  and  the  second, 
terms  of  order  M  .  Thus* 
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t  (133) 
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Because  the  results  of  these  equations  are  to  be  applied  to 
mechanically-produced  oscillations  of  low  frequencies,  it  is  necessary  to 
examine  the  contributions  of  the  various  terms  of  0(1)  and  0(M)  for  the 
case  of  small  01  Thus,  if  ^  =  0(11),  then  all  terms  of  0(^0  M)  or 

0(  UJ  2)  become  negligibly  small  in  keeping  with  the  assumptions  to  date. 
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For  this  range  of  frequencies? 

•bllsl  GJ  X  -  Uix  ■+  o(.toa)*  o(.N\)-> 

from  which  the  zeroth  iteration  of  Equation  133  may  be  expressed  ass 
- -COS  C1X 

where  the  superscript  zero  indicates  the  order  of  the  iteration,  and  only 
terns  of  0(1)  have  been  included. 

Substituting  possible  0(1)  terms  from  Equation  111  for  the  zeroth 
iteration  of  »  the  second  of  the  above  equations  becomes s 
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Two  new  integral  values  may  be  defined  byg 
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by  whose  substitution  Equation  135  is  reduced  to  a  second  order  differential 
equation  in  (x),  the  solution  of  which  yields  the  result! 


yyj°  ,y!k  dv e-stTW 


<*.X 


,-^^T  C^L 


(136) 


The  details  of  this  solution  are  given  in  Appendix  B. 

This  result  furnishes  some  very  useful  information  for  additional 

order  of  magnitude  evaluations.  The  presence  of  the  factor  >  which  may 

cLX 
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be  of  0(l)y  shows  that  although  may  locally  be  of  0(1),  it  can  only 

remain  of  that  order  for  a  short  distance  and  will  be  of  Q(M)  when  integrated 
over  any  portion  of  the  chamber.  (This  variation  is  schematically  indicated 
by  Figure  it) .  As  Equation  13h  indicates,  the  same  conclusions  may  be  drawn  for 
the  burning  rate  perturbation 

The  only  remaining  term  whose  order  of  magnitude  may  be  increased  by 
GO  =  0(M)  is  Uf  ,  which,  from  Equation  123  will  be  expressed  as* 
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This  result  shows  that  in  the  evaluation  of  T(x)  and  X(x),  the  quantity 
must  be  considered  of  0(1)  because  of  the  presence  of  the  term  3?^  s 
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However,  the  contribution  to 


of  this  term  will  be  negligible,  since  the  largest  integral  involved  will  be* 
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An  inspection  of  the  remaining  terms  in  Equations  12?  and  130 

indicate  that,  for  60  =  0(M), 
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From  this  expression,  the  first  order  iterations  for  Equations  133>  containing 
terms  of  0(M)  and  larger  become? 
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from  Equations  13l|  and  136  gives* 
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The  first  term  of  this  equation  may  be  integrated  by  parts.  Perform¬ 
ing  this  integration  and  neglecting  terms  of  0(6J  M),  one  obtains) 
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With  this  result.  Equations  139  are  evaluated  as*  - 
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Che  additional  simplification  may  profitably  be  made  by  expanding 


the  second  term  of  VT^(x)  and  the  third  term  of  \*)  .  Thus* 
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since ?  (x)  has  been  assumed  of  order  1.0.  Then*  the  second  tenn  ofT$  (x) 
is  of  0(M2)„  and  the  third  tenn  of  yY^C'O  becomes 8 


V*Vn  ^(O^^COSCOx 


60 


dx 


Introducing  this  change  into  mi  and  substituting  the  resulting  two 
equations  into  136^  one  arrives  at  the  final  values  of  the  perturbation  quan¬ 
tities  correct  to  terms  of  0(M)$ 
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The  pressure  and  velocity  perturbations  represented  by  these  two 
equations  are  related  through  the  boundary  conditions  at  the  nozzle  entrance. 
For  a  conical  geometry  in  the  subsonic  portion  of  the  exhaust  nozzle,  the 
derivation  of  Appendix  A  shows  that  the  variations  in  pressure,  velocity,  and 
entropy  at  the  entrance  section  may  be  expressed  in  the  form* 
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where  the  subscript  e.  denotes  properties  evaluated  at  the  entrance  section 
and  N  indicates  that  non-dimensionalization  is  based  on  nozzle  reference 
parameters.  Comparison  of  the  two  non-dimensionalizing  procedures  leads  to 
the  following  conversion  from  nozzle  to  chamber  variables* 
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The  frequency  of  oscillation^  expressed  in  terms  of  chamber  parameters. 
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where* 


=  length  of  the  subsonic  portion  of  the  nozzle. 
(Jfc  =  velocity  of  sound  at  the  nozzle  throat. 

The  integrated  nozzle  velocity; parameters* 
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are  defined  in  Appendix  A  and  are  functions  only  of  the  nozzle  geometry. 
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Introducing  Equations  01*5  and  11*6  into  Equation  ll*l*  and  defining t 
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one  obtains  for  the  nozzle  boundary  equation  the  followings 
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The  entropy  perturbation  £_ (x)  is  derived  from  Equation  68,  re¬ 
written  in  the  fount 


Integrating  this  linear  differential  equation  and  retaining  terms 
of  0(H)  and  greater  givest 
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4>«T 

and  li*2  into  11*8  produces  g 


from  Equations  136 
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or,  after  integrating  the  final  term  in  the  brackets  by  parts. 
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The  three  thermodynamic  properties  must  be  evaluated  at  the  nozzle 

4 

* 

entrance  before  insertion  in  the  boundary  equation.  This  evaluation  is  con- 
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siderably  simplified  by  the  condition  that  all  combustion  must  be  complete 
within  the  chamber.  Then,  at  x  =  1, 


(!3:\  J 

\d  V/[  \  *“Ji 


so  that  Equations  li*2,  ll;3,  and  149  reduce  tot 
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where  t  ^  1  j 

S<sw*f  WY 

is  a  gas  residence  parameter  denoting  the  time  required  for  a  particle  of  com¬ 
bustion  gas  produced  at  station  x  to  reach  the  nozzle  entrance. 


(150) 


The  three  relations  jyjg  are  introduced  into  the  boundary  condition 

uatlon  147,  yielding*  , 

^_Je-  CW  x^>  d£<*)  ^  Y (n. ^ C0&O.-^L^“  ^  ^cos  CCJx1 

"^wwPCw,-2^-  w*) 
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(151) 


as  a  combustion  chamber  equation  for  the  refined  theoretical  model. 

The  initial  velocity  fluctuation  is  transformed  into  the  form  of 
a  transfer  function  for  the  inject or- chamber  combination  (as  in  the  simplified 
model  derivation)  by  noting  that* 

^45’^  <e"st 

<*lo  ^ 


(152) 
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which  is  the  amplitude  of  the  fractional  injection  mass  flow  perturbation  as 
defined  for  the  simplified  model.  Alsot 


is  the  amplitude  of  fractional  chamber  pressure  oscillation  at  the  injector 
faoe  with  a  phase  angle  indicating  a  time  based  on  the  fuel  injection  pertur¬ 
bation.  In  the  simplified  model,  the  pressure  is  assumed  uniform  over  the 
entire  chamber.  Thus,  in  terms  of  amplitude  at  an  average  position,  x  - 


(153) 


Then,  from  152  and  153, 
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or,  employing  the  mixture  ratio  parameters  defined  previously  in  the  derivations 
of  Equations  17  and  34* 
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(162) 


Replacing  the  tem  in  Equation  151  by  its  modified  fona  as  expressed 
In,  15I;  results  in  a  combustion  chamber  equation  as  follows* 
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In  keeping  with  the  assumptions  of  small  and  consistent  with  the 

2 

neglect,  heretofore,  of  terms  of  order  oJ  and  a)  M,  a  further  simplification 
may  be  made.  The  factors  cos  cO  and  cos  oix  may  be  expanded  in  series  form 
to  yield*  ^ 

cos  CO  - -  <*((*)*) 

COB  6)  X  =  \-  -r'^-^4-  -t  »  .  =  |  -o£co‘s) 

since  x  4  0(1). 


Thus,  the  variation  in  amplitude  of  pressure  perturbations  along  the 

length  of  the  chamber  is  seen  to  be  negligibly  small  when  the  frequency  of 

oscillation  is  of  0(H),  and  cos  U)  and  cos  CO  x  may  be  replaced  everywhere 

by  1.0  to  the  order  of  accuracy  considered. 

Two  of  the  time  lag  parameters,^  (x)  and  6^  (x),  appearing  in  the 

combustion  chamber  equation  may  be  calculated  from  velocity  distributions. 

However,  the  distributed  sensitive  time  lag,  ng  (x),  is  totally  undetermined, 

since  the  position  fe,  (x)  where  a  particle  enters  the  sensitive  portion  of  its 

preparation  processes  is  a  completely  unknown  and  somewhat  artificial  quantity. 

Henoe  It  will  be  considered  sufficient  to  determine  a  mean  value  of  this  sensl- 

■“  L  p  Cx) 

tlve  time  lag,  and  the  exponential  factors,  '  may  be  represented 


by  a  proper  average  and  removed  from  beneath  the  integral  in  the  third  term  of 
Equation  151.  Thus,  if  one  defines  an  average  (x)  by* 


A,V<3, 


*<*> 


(156) 
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Now,  as  previously  postulated. 


*0*)*  o  CO 


then  s 


(158) 


Correspondingly,  an  exponential  variation  involving  the  average  time 


lag  may  be  written  ass  ^  ^ 

e-CW  s  <  -(•  Ui  p»  C 


(15?) 


Hence,  correct  to  terms  of  order  (d) ),  one  may  equate  the  expressions 


in  Equations  158  and  159  to  yields 


=  *"-WJ  *  (ms. + o  (p*) 


(160) 


where  the  averaging  process  for  V  is  given  by  Equation  156. 

These  simplifications  result  in  a  final  combustion  chamber  equation 
for  the  refined  theoretical  model  of  the  forms 

RFeLMiWy-ocy*<H) 


(161) 


The  final  combustion  chamber^ equations  from  both  simplified  (Equa¬ 
tion  H)  and  refined  (Equation  161)  theoretical  models  are  presented  in  Figure 
5  in  a  form  slightly  modified  for  comparison  purposes.  The  general  corres- 
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pondence  of  terras  is  immediately  evident. 

The  left-hand  side  of  both  equations  consists  of  the  product  of  the 
chamber  transfer  function  times  a  phase-shifting  total  time  lag  exponential 
factor.  In  the  simplified  model*  since  all  combustion  is  assumed  to  occur  in 
a  concentrated  location*  this  exponential  factor  is  a  constant,  ,  repre¬ 

senting  the  mean  time  required  by  the  droplets  to  reach  the  oambustlon  front. 

In  the  refined  model  the  exponential,  is  an  integrated  function  of  the  distributed 
steady-state  time  lag  variable  (x)  weighted  by  the  steady  gas  velocity  u(x), 
which  is  equivalent  to  the  combustion  distribution. 

The  right-hand  side  of  each  equation  has  been  written  in  fractional 
form  with  all  mixture  ratio  parameters  included  In  the  denominator.  If  the 
fuel  and  oxidizer  flow  rates  oscillate  in  phase  and  with  equal  amplitudes, 
there  will  be  no  fluctuations  of  instantaneous  mixture  ratio,  and  the  denominators 
of  both  equations  reduce  to  unity.  In  the  refined  model  no  attempt  has  been  made 
to  account  for  effects  of  mixture  ratio  variations  on  the  combustion  process. 
Therefore,  only  the  injection  mass  flow  oscillations  contribute  to  the  denomi¬ 
nator.  The  simplified  model,  however,  contains  two  additional  quantitles*which 
are  the  result  of  considerations  of  gross  mixture  ratio  effeots  on  the  tempera¬ 
ture  and  density  of  chamber  gases.  These  terras  are  identified  by  the  presence 
of  K,  a  factor  correlating  mixture  ratio  and  chamber  gas  temperature.  The 
quantity  with  exponential  time  reduction  (U)f  )  is  the  contribution  from 
temperature  oscillations  at  the  nozzle  entrance  referred  to  mixture  ratio  fluctu¬ 
ations  which  existed  at  burning*  a  time  £  0  ^  earlierj  and  the  constant  term 
2K  is  the  temperature  contribution  at  the  burning  station  to  oscillations  of 
gas  density  within  the  chamber. 

In  the  refined  model  such  gross  effects  would  be  inconsistent  with 
the  distributed  forra  derived  for  pressure,  velocity,  and  density  perturbations* 
and  it  would  be  necessary  to  postulate  some  interaction  between  mixture  ratio 
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and  the  combustion  process  in  order  to  express  these  effects  in  the  functional 
character  desired  for  a  differential  treatment «  Scala  (7)  has  performed  such 
an  analysis  by  introducing  two'  additional  interaction  indices  relating  mixture 
ratio  variations  to  variations  in  combustion  time  lag  and  in  energy  required 
for  the  propellant  preparation  processes.  However,  analytical  solution  of  the 
complex  combustion  chamber  equation  resulting  from  incorporation  of  these  un¬ 
known  indices  requires  additional  knowledge  of  the  time  lag  or  interaction 
function  expressed  in  the  present  treatment. 

The  numerators  of  the  right-hand  sides  of  the  two  equations  in  Figure 
£  contain  terms  which  show  dlreot  correspondence.  Under  the  non-dimensional- 
laing  scheme  of  the  refined  analysis,  (  ^ /u ^  )  is  precisely  the  gas  residence 
time  if  the  velocity  of  all  particles  is  j  and  since  variations  in  steady- 
state  gas  density  are  of  0(M2),  this  fraction  is  equivalent  to  the  quantity  0g 
as  defined  for  the  simplified  model,  oorreot  to  terms  of  a  negligibly  small 
order. 

The  second  term  in  each  numerator  arises  from  the  contributions  of 
pressure  oscillations  to  the  fluctuations  of  the  mass  of  gas  within  the  chamber. 

The  third  term  originates  from  the  "nozzle  impedance"  analysis  and 
represents  the  phase  shift  caused  by  the  presence  of  the  exhaust  nozzle  on 
pressure  perturbations  at  its  entrance. 

Similarly,  the  fourth  tenn  arises  from  variations  in  entropy  at  the 
nozzle  entrance  produced  by  pressure  perturbations  occurring  during  combustion. 
Thus,  an  exponential  time-depressing  factor  multiplies  this  term  in  each  equa¬ 
tion.  In  the  simplified  model,  this  factor  is  merely  f  0<j  ,  the  time  required 
for  a  particle  at  constant  velocity,  Uj_,  to  travel  the  distance  from  the  com¬ 
bustion  front  to  the  nozzle.  In  the  refined  model,  the  exponential  is  again 
an  integrated  quantity  weighted  by  the  steady  combustion  distribution. 

The  final  term  in  the  numerator  of  each  is  the  expression  of  pressure 
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effects  upon  the  sensitive  combustion  time  lag*  and  here  the  correspondence 
between  models  is  exacts  by  virtue  of  the  averaging  process  defined  for  the 
refined  models 

A  final  comparison  check  on  the  two  models  is  possible  by  considering 
the  velocity  u(x)  in  the  refined  model  as  a  step  function  of  zero  magnitude 
from  x  =  0  to  x  =  1-^  ,  and  of  constant  magnitude  u^  for  the  remainder  of 

ohamber  length.  Under  these  conditions,  except  for  the  mixture  ratio  variations 
discussed  earlier,  the  two  models  reduce  to  exactly  the  same  equation* 

Combined  Theoretical  Model 

Each  of  the  combustion  ohamber  equations  of  the  previous  derivations 
'has  certain  advantages  when  applied  to  experimental  data  for  the  purpose  of 
obtaining  reliable  time  lag  information.  One  method  of  evaluating  these  advan¬ 
tages  is  by  analysis  of  the  measurable  and  unknown  quantities  in  both  and  compari¬ 
son  of  the  relative  difficulties  of  obtaining  values  for  each* 

The  primary  unknown  quantities  of  both  equations  are  the  average  sensi¬ 
tive  time  lag  and  the  interaction  index,  n.  These  two  variables 

occur  in  the  same  foim,  regardless  of  the  choice  of  equation*  However,  they  are, 
in  essence,  the  only  items  appearing  in  the  refined  analysis  which  are  totally 
undetermined,  while  the  simplified  analysis  contains  three  other  quantities  which 
are  either  unknown  or  sufficiently  in  doubt  as  to  require  treatment  as  unknowns. 
These  are  the  mean  total  time  lag,^  ,  the  gas  residence  time  ,  and  the 
location  of  the  combustion  front,  f  .  This  implies  that  solution  of  the 
refined  model  may  be  accomplished  by  direct  analytical  methods^  but  the  simpli¬ 
fied  model  requires  approximate,  iterative,  or  asymptotic  solution.  (The  actual  v 
methods  employed  for  treatment  of  the  simplified  equation  include  an  asymptotic 
one  which  is  explained  later  in  some  detail.)  However,  the  direct  solution  of 
the  refined  equation  involves  the  use  of  intermediate,  derived  quantities  whose 
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determination  from  fundamental  measurements  may  be  cumbersome  and  of  question¬ 
able  accuracy.  Hence,  the  apparent  advantage  of  direct  analytical  solution 
is  somewhat  misleading  in  this  ease0 

The  primary  measured  quantity  in  either  equation  is  the  transfer 

LA 

function  parameter,  „  whose  fivalim-Mon  is  i rrfsn#nHsnf  of  +v 


,  whose  evaluation  is  totally  independent  of  the 


physical  model  chosen  to  describe  the  combustion  process.  Since  measurements 
of  oxidizer  and  fuel  flow  oscillations  are  obtained  simultaneously,  the  transfer 
function  may  be  based  upon  either  propellant j  and  comparison  of  the  two  fluctua¬ 
tions  then  results  in  a  second  parameter,  the  instantaneous  mixture  ratio,<‘^0^Apj 
which  is  required  in  both  equations. 

The  major  disadvantages  in  solution  of  the  refined  equation  appear 
through  another  experimental  measurement  which  enters  in  a  prominent  manner, 
namely  the  steady-state  gas  velocity  distribution  along  the  length  of  the  rocket 
chamber.  This  is  an  extremely  difficult  quantity  to  determine  with  any  reason¬ 
able  degree  of  accuracy,  since  it  depends  upon  a  pressure  difference  which,  for 
the  usual  contraction  ratios  of  practical  motors,  is  at  most  of  the  order  of  a 
few  percent  of  nominal  chamber  pressure.  Ctace  this  velocity  distribution  is 
known,  it  must  be  used  in  a  numerical  integration  to  determine  0g(x)  and  (x). 
The  latter  also  necessitates  the  choice  of  a  droplet  drag  coefficient,  the 
value  of  which  is,  at  best,  an  extrapolation  of  existing  data  from  separata 
experimental  work  dealing  with  injection  sprays,  droplet  dispersion,  or  single 
droplet  studies  under  conditions  which  may  be  quite  dissimilar  from  those  en¬ 
countered  in  the  particular  motor  under  consideration.  This  derived  liquid 
velocity,  as  determined  from  the  droplet  dynamics  equation  in  steady  state,  is 
then  involved  in  a  second  numerical  integration  to  obtain  the  distributed  total 
time  lag^Tj  (x).  Finally  the  three  derived  variables  u,  0g,  and^-p  are  intro¬ 
duced  into  two  further  numerical  integrations  to  evaluate  the  exponential  factors 
appearing  in  the  refined  equation.  Thus  it  is  seen  that  a  combination  of  five 
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numerical  integrations  from  data  of  a  rather  poor  degree  of  precision  are  re¬ 
quired  before  an  analytical  solution  of  the  final  refined  equation  can  be  per¬ 
formed. 

Considerations  of  this  sort  indicate  the  desirability  of  combining 
seme  of  the  best  features  of  each  analysis  into  a  composite  equation  for  the 
combustion  chamber.  This  combined  relation  is  derived  based  on  the  format  of 
the  simplified  model,  with  correction  terms  obtained  from  the  refined  model. 
Small  variations  in  instantaneous  mixture  ratio  of  Q(M)  are  permitted  and 
are  included  in  the  same  manner  as  in  the  simplified  equation.  The  secondary 
unknowns  ,  0g,  and  f  are  introduced  as  exponential  functions  of  average 
values*  with  the  averaging  process  again  defined  by  the  steady-state  velocity 
distribution,  as  in  the  refined  model,  through  the  determination  of  liquid 
velocity  and  a  distributed  total  time  lag.  However,  these  relatively  inaccurate 
distributions  are  applied  only  as  correction  terms  to  the  average  value  employed 
for^-y  and  f-  „  Hence  their  uncertainties  are  much  less  pronounced  in 

the  final  equation,  since  errors  in  the  measurement  of  u(x)  and  the  choice  of 
a  drag  coefficient  k  are  of  first  order  in  the  corrections  only,  not  in  the 
exponential  terms  themselves.  These  distributions  also  furnish  a  basis  for  the 
initial  choice  of  the  average  space  lag  (1-f)  as  well  as  a  check  on  the  final 
Iterated  value  of  this  parameter.  Thus,  the  refined  model  contributes  correc¬ 
tions  to  account,  at  least  in  part,  for  the  two  major  limitations  of  the 
simplified  model,  namely,  restriction  to  very  low  frequencies  of  oscillation 
and  discontinuous  representation  of  combustion  distribution. 

Under  this  framework  of  revisions,  the  combustion  chamber. equation 

is  rewritten  in  the  fornng 

Rcei"^Fe'''u^TAvs. 
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•where  the  time  lag  parameters  If  and  T  j  ,  as  well  as  the  space  lag 
parameter -f  0g  ,  appear  as  average  values,  in  the  manner  of  the  simplified 
model.  Correction  factors  F(CO  ,u)  and  G(£0  ,u)  have  been  introduced  in  func¬ 
tional  form  to  indicate  that  these  corrections  are  based  upon  frequency  con¬ 
siderations  and  upon  actual  combustion  distribution. 

The  average  sensitive  time  lag,  ^  avg.,  has  been  defined  in  Equation 
1$6  from  the  integral  form  of  the  refined  model,  weighted  by  the  combustion 
distribution  (or  gas  velocity),  u(x).  The  same  procedure  may  be  followed  to 


define  an  average  total  time  lag  asc 


■TAV„=  =-L  * 


XT<*) 


dill*) 


(163) 


The  oorreotion  function  ,u)  must  now  be  derived  to  equate  (to 
2 

terms  of  0(M  )  )  the  exponential  factor  involving  this  average  time  lag  to  the 

integral  expression  of  the  refined  model.  Thuss 

(e-L*yVrt  difiii.  ^  +  0^2)  (161l) 


As  in  the  derivation  of  Equations  157  to  160,  one  may  expand  both 


sides  of  16U  in  a  power  series,  yieldingi 

<2  •  *•  * 


(165) 
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where  use  has  been  made  of  the  definition  of  Equation  163. 

This  total  time  lag  results  from  the  integration  of  A  /  u^(x),  and 
hence  must  be  considered  of  order  Therefore,  (&Jt y )  andCOTj  (x) 

may  both  be  of  0(l)j  and  the  expansion  of  these  may  furnish  contributions  of 
0(M)  for  terms  as  high  as  the  third  power  of  the  variable.  Terms  in  the  fourth 
power  of  ( )  are  reduced  sufficiently  by  the  factorial  divisor  as  to 
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b8  considered  negligible «  Thusa 

With  this  in  mind,  one  may  specify  the  form  of  the  correction  function 
F(60  ,u)  also  as  a  series  expansion  including  terms  of  the  third  power  in 
frequency,  i.e,. 


FCWj-u^jr  i-Lso  A  —  A^+> 


(166) 


tfiere  A, ,  811(1  will  show  the  dependence  of  the  correction  functions 

on  velocity  distributions,  Hewriting  Equation  165  then  gives*  * 

(VL U  ^ ^VCj“tVC^T  IT"  C^T = 


Expanding  this  equatiori  and  equating  the  coefficients  of  like  powers 
of  in  a  direct  term-by-term  comparison  produces  the  following  expressions 
for  the  correction  factorst  £  ( O 

A3'(t'^)AvS  v^(^TAva)  ■'3^TAVQ.^T2N)A,va,  (K 


(168) 


where  the  higher  power  averages  are  arbitrarily  defined  from  the  relations 


Kw  W, 


For  evaluation  of  these  correction  terms,  it  is  necessary  to  return 
to  the  original  definition  of^^  (*)  811(1  perform  the  integrations  numerically. 
These  calculations  are  considerably  simplified  if  one  integrates  the  terms  in 
168  by  parts,  substituting  relations  from  the  steady-state  droplet  dynamics 
equation  (57)  wherever  necessary.  Performing  this  analysis  gives* 


/ 


where*  as  previously  defined, 


Because  this  form  of  correction  tens  is  easily  applied  to  the  com¬ 
bustion  chamber  equation  and  is  not  too  difficult  to  evaluate  numerically, 
it  would  be  desirable  to  egress  the  integral  containing  gas  residence  time  in 
a  similar  series  expansion.  However,  by  definition, 

X 

and  because  the  steady  gas  velocity  must  reduce  to  zero  at  the  injector  face, 
the  gas  residence  time  of  a  particle  burning  at  this  position  (x  =  0)  will  be 
infinite.  For  all  realistic  distributions  of  combustion  in  the  presence  of 
some  finite  time  lag,  the  velocity  u(x)  approaches  zero  at  this  point  as  a 
flat  curve,  i.e.,  with  small  slopej  and  inspection  of  the  integrated  0g(x) 
shows  that  if  the  approach  of  the  function  is  in  the  manner  of  a  polynomial 
of  first  order  or  larger,  this  factor  becomes  infinitely  large.  Then,  a 


series  expansion  of  the  forms 


COS»Uiw 


dRtft) 


o 


considered  as  a  function  of  r-0  0  has  an  essential  singularity  in  the  derivatives 

& 

at  Gl  -  0. 
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For  this  reason  it  is  impossible  to  express  correction  terms  for  this  vari¬ 
able  in  the  same  power  series  form  as  was  done  for  the ^  (x)  integral. 

However,  for  certain  discrete  forms  of  the  velocity  distribution  u(x),  it  is 
possible  to  evaluate  the  integral  expression  directly,  without  recourse  to  a 
series  expansion.  In  particular,  if  u(x)  is  made  vp  of  a  number  of  straight 

Hne  segments  with  )  zero  at  the  injector  face,  such  that* 
t|=o  fate.  Oiy<;ya 

(171) 


then  the  integral* 

Hi 

«  (172) 

may  be  evaluated  as  the  sum  of  integrals  over  each  defined  range  of  linear  u(x). 
Such  a  scheme  may  be  used  conveniently  as  an  approximation  to  the  actual  velocity 

distribution.  The  degree  of  refinement  desired  will  certainly  direct  the  choice 

/ 

of  the  number  of  straight-line  segments  used  to  form  the  approximation)  however, 

in  most  cases  it  should  be  sufficient  to  replace  the  actual  curve  of  H(x)  with 

a  single  linear  portion  having  as  its  slope  the  maximum  slope  of  the  true 

curve,  as  shown  in  Figure.  6,  since  the  largest  contribution  to  the  integral 

eJvL 

1(60 )  of  Equation  172  must  come  from  the  area  in  which  (^*  )  ia  greatest. 

In  this  case  one  may  write* 

TJ-  C*)-*WW-*b 


and  the  integral  1(^3  )  is  broken  up  into  three  parts* 


Here  the  only  contribution  to  l(W)  will  come  from  the  second  interval 
(x,  to  x0),  since-r^-  «  0  for  the  other  segments  of  the  curve.  Then* 

.  i.  I  -U>  ...  . 


!(<*)' 


ta  Ax 


or,  substituting  the  expressions  for  u(x'  ), 

]  <f  U  J  a> 


q  U  v 


(173) 


Perfoiming  the  integrations  indicated  in  Equation  173*  one  obtains  for 
the  value  of  the  integral  expression* 


x{u>y 


(171*) 


w 


*here  m(=»  )  has  been  replaced  by  its  equivalent  form  (xg-x^/  tt^)* 

As  pointed  out  previously,  the  quantity  C^H,)  is  equivalent  to  (<Deg) 
by  the  scheme  of  non-dimensionallzation  employed  in  the  derivation  of  the  re¬ 
fined  model.  Hence,  one  may  writes 


i(4 


-i.U©3  C.l-*0  4  &  ^4 


(175) 


where 


V '/(-&} 


The  similarity  in  form  between  this  expression  and  the  corrected 
exponential  factor  of  the  simplified  model,  e,g», 

e-Lwf"0S  G(<o,t) 

ai  inua  for  direct  comparison  between  the  two  forms  for  evaluation  of  the 
average  space  lag  and  the  correction  factor*  Thus,  if8 


4 


A-t21- 

'  v  <  I 


TAN  s  (Gj  «V) 


G  (oj, T< )  *  '/ Vi  -*  60s  a. ‘ 


(176) 


then* 

as  desired 


x(us>s<Mie-iwf&3 


Prom  the  results  of  176,  one  notes  that  the  expressions  for  both  f  and 
Q(cy  ,u)  exhibit  e  harmonic  behavior,  a  fact  in  keeping  with  the  inability  to 
express  I  (  Go  )in  a  series  expansion  of  ascending  powers  of  frequency.  Also, 
it  is  apparent  that  the  space  lag  7,  which  represents  an  effective  average 
position  for  a  concentrated  combustion  front  replacing  the  actual  distributed 
combustion,  exists  at  a  location  between  the  beginning  and  end  of  the  straight 

line  segment  approximating  the  maximum  rate  of  rise  of  u(x).  Thus* 

s.Ui  _  “I  CO  ,  .  . ,  \  /  \ 


<'-**)<  o-y2)-*-£j 


since* 


~\  LO  ,  »  CO  /  v 

TAN  (**-*/)  <  (**-*) 


In  the  particular  case  where  the  actual  velocity  u(x)  exhibits  a 
relatively  steep  rise,  the  expression  for  I  may  be  considerably  simplified. 


Thus,  when  (45.)  -oG) 
\  d  V/  K/tV*  • 


then* 


TAM  (60  (OCK 


(jo^y* 


-\  CO 


TAM"  (**.-*0*  Tl(  +  o(coV 

?*  (.  i -Mi  )  4  0  (CO®) 

G  (dJ;  U)  =  1+0(402) 


Hence* 


(177) 
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These  results  show  that,  as  night  be  esqpected,  the  correction  factor 

Q(^ju)  approaches  1.0,  and  the  location  of  the  average  space  lag  approaches 

the  start  of  the  rise  in  gas  velocity  as  the  velocity  distribution  becomes 

steeper  and  is  thereby  more  closely  approximated  by  a  discontinuous  combustion 

"front®.  (The  approximation  tan =*djc\.  is  a  reasonable  one  for  values  of 

as  great  as  0,1;  or  0.5.  In  the  experiments  described  herein,  the  maximum 

^  =  0.15,  allowing  the  use  of  this  simplification  for  a  as  large  as  3,0,  or 

(  j-**-)  as  small  as  0.3.) 

A*  , 

Returning  to  Equation  162  and  substituting  the  derived  values  for  the 
correction  factors  as  expressed  by  Equations  1 66,  168,  and  176,  one  obtains  a 


final  combustion  chamber  equation  for  the  combined  theoretical  model  as  followas 


with  explicit  definitions  for  A?  ,4.  ,  and  I  given  by  Equations  169, 

170,  and  176.  This  linearized,  complex  equation  is  the  basis  for  analysis 
of  the  experimental  data  to  obtain  the  four  combustion  time  lag  parameters, 

»  I  ®g*  n,  and*?^v^(  •  The  exact  method  of  application  of 

the  equation  to  the  data  is  discussed  in  detail  in  a  later  section. 
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EXPERIMENTAL  METHODS  AND  EQUIPMENT 
Experimental  Requirements 

The  experimental  phase  of  this  investigation  is  designed  with  the 
object  of  obtaining  sufficient  empirical  data  to  determine  combustion  time  lag 
parameters  as  described  by  the  theory  and  to  check  the  validity  of  the  assump¬ 
tions  involved.  Reference  to  the  final  combustion  chamber  equation  (177)  shows 
that  primary  experimental  requirements  consist  of  measurements  of  the  rocket 
motor  transfer  function  and  the  instantaneous  propellant  mixture  ratio.  These 
data  must  be  obtained  under  conditions  of  stable  combustion  in  the  presence  of 
small,  controlled,  sinusoidal  oscillations  in  both  propellant  flow  rates,  sinoe 
an  exponential  form  of  time  variation  for  all  perturbed  quantities  has  been 
postulated  throughout  the  theoretical  analysis* 

Initiation  of  a  series  of  instantaneous  step  function  or  "square- 
wove"  pulses  in  one  or  both  propellant  feed  lines  and  subsequent  detection  of 
the  chamber  response  to  such  sharp  changes  in  conditions  appears  at  first  glance 
to  be  a  more  direct  method  of  obtaining  time  lag  parameter  data  than  the  pro¬ 
duction  of  sinusoidal  perturbations.  However,  a  number  of  latent  complications 
in  the  single-pulse  technique  make  it  less  desirable  than  the  method  chosen. 
These  difficulties  may  be  grouped  into  two  major  categories*  indeterminacy  of 
the  input  function  and  uncertainty  in  observation  of  the  chamber  response. 

In  the  first  category,  the  primary  obstacle  is  the  production  of  a 
true  "step"  change  in  flow  rate  by  a  practical,  positive  displacement  method. 

The  unavoidable  presence  of  inertia  in  mechanical  systems  causes  deviations  from 
a  truly  instantaneous  change  from  one  operating  level  to  another,  and  even 
minute  values  of  compressibility  and  elasticity  in  liquid  propellants  and  the 
feed  lines  containing  them  may  be  sufficient  to  cause  serious  wave-travel 
effects.  I21  addition,  determination  of  the  precise  shape  of  a  pulse  which  is 
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acceptably  close  to  a  true  step  function  requires  extremely  high  frequency 
response  instrumentation,  a  demand  which  is  as  yet  unsatisfied  in  the  reahn  of 
flow  rate  measurement. 

From  the  viewpoint  of  observation  of  output  from  such  a  pulse  input, 
the  problems  are  chiefly  those  of  analysis.  Even  an  exact  step  change  in  flow 
rate  must  be  smoothed  out  in  the  combustion  chamber  into  a  much  less  distinct 
shape  by  the  action  of  turbulence,  non-uniformities  in  liquid  droplet  size, 
deviations  from  purely  one-dimensional  flow  conditions,  and  the  existence  of  re- 
oirculation  patterns.  Therefore,  it  beoomes  impossible  to  measure  an  exact  time 
elapsed  from  the  instant  of  injection  of  the  pulse  to  a  subsequent  instant  when 
this  pulse  has  produced  a  similar  change  in  chamber  conditions.  The  only  data 
immediately  evident  from  an  analysis  of  chamber  pressure,  temperature,  or  gas 
density  records  obtained  with  the  optimum  equipment  available  are  those  of  a 
minimum  and  a  maximum  combustion  time  lag  at  operating  conditions  whose  average 
is  ill-defined.  Even  when  both  input  and  output  wave  shapes  are  considered 
known  to  an  acceptable  degree  of  precision,  determination  of  a  proper  mean 
value  of  the  time  lag  requires  the  use  of  complex  Fourier  methods  in  which  the 
presence  of  random  frequency  combustion  "noise"  may  contribute  serious  and  in¬ 
distinguishable  effects. 

These  dlsdavantages  indicate,  in  part,  the  desirability  of  producing 
some  sort  of  continuous  fluctuation  in  flow  rates  which  would  be  amenable  to 
analytical  treatment.  The  method  chosen  for  the  investigation  herein  reported 
is  merely  the  application  of  well-known  mechanical  techniques  of  simple  harmonic 
motion  for  producing  near-sinusoidal  oscillations  from  pistons  driven  by  a 
rotating,  eccentric  crankshaft.  The  obvious  mechanical  difficulties  of  such 
a  system,  e.g.,  complicated  construction,  eccentric  balance  problems,  develop¬ 
ment  of  reliable  dynamic  seals,  continuous  lubrication  of  bearing  surfaces, 
are  compensated  by  a  number  of  significant  gains  over  the  single-pulse  technique. 


79. 


Chief  among  these  advantages  is  the  ease  of  analysis  of  the  fluctuating  signals. 
Determination  of  the  rocket  chamber  transfer  function  reduces  to  the  measurement 
of  the  amplitudes  and  phase  relationships  of  three  sinusoidal  signals  of  known 
frequency,  free  from  transients  and  well  within  the  response  range  of  present 
sensing  and  recording  instruments.  These  same  amplitudes  and  phases  also  de¬ 
termine  the  value  of  instantaneous  propellant  mixture  ratio,  a  quantity  which 
must  be  closely  controlled  if  the  data  are  to  be  applied  to  the  previously- de¬ 
rived  theory.  Also  of  importance  in  analysis  is  the  fact  that  in  such  controlled 
variations  the  presence  of  random  frequency  combustion  noise  is  easily  detected 
and  may  be  selectively  filtered  from  the  signals,  if  desired,  without  altering 
the  characteristics  of  the  fundamental  oscillation  of  known  frequency.  In  addi¬ 
tion,  this  method  of  varying  the  input  flow  rates  permits  operation  of  the 
rooket  motor  at  essentially  stable  conditions  with  well-defined  average  or 
steady-state  values  upon  which  small  linearizable  perturbations  are  superimposed.  , 
Thus,  the  restrictive  assumptions  of  the  theoretical  treatment  may  be  very  closely 
approximated  by  the  sinusoidal  method  of  flow  modulation  with  only  minor  sacri¬ 
fices  in  mechanical  simplicity. 

In  addition  to  these  primary  measurements  of  transfer  function  and 
instantaneous  mixture  ratio,  the  final  combustion  chamber  equation  indicates 
a  number  of  secondary  experimental  requirements.  First,  in  order  to  calculate 
fractional  variations  of  all  oscillating  quantities,  one  must  obtain  average, 
or  steady  state,  values  of  propellant  flow  rate,  mixture  ratio  and  chamber 
pressure.  Also  essential  are  injector  pressures  and  rocket  thrust  for  deter- 
mination  of  the  parameters  r,  H,  K,  and  c  .  The  correction  terms  ,  , 

,  and  require  a  choice  of  droplet  drag  coefficient  as  well  as  a 

knowledge  of  steady-state  gas  velocity  distribution  along  the  chamber  length, 
which  may  be  obtained  from  an  axial  pressure  survey  and  the  application  of  one¬ 
dimensional  flow  equations. 


80. 


Two  further  considerations  contribute  to  the  choice  of  experimental 
procedures  and  equipments  reliability  and  precision.  The  former  is  established 
primarily  by  performing  repeatability  tests  at  essentially  constant  operating 
conditions  and  observing  the  scatter  of  calculated  results,  while  the  latter 
influences  the  design  of  instrumentation  and  experimental  methods  by  requiring 
that  all  measuring  devices  employed  be  amenable  to  straightforward  observation 
and  calibration.  These  demands  are  met  by  obtaining  duplicate  measurements 
from  Independent  methods  wherever  possible  and  by  comparing  oscillating  quan¬ 
tities  observed  during  rocket  runs  with  values  produoed  electrically  and  cali¬ 
brated  from  standard  instruments* 

Measuring  Vehiola 

laboratory  equipment  required  to  obtain  the  desired  experimental  data 
inoludes  a  rocket  motor  suitable  for  easy  instrumentation,  a  test  stand  relatively 
free  from  non-linear  and  two-dimensional  effects,  a  propellant  feed  system  Isolated 
from  interaction  with  the  combustion  process,  flow-modulating  equipment  with  ad¬ 
justments  available  for  altering  amplitude  and  phase  relationship,  and  the  es¬ 
tablishment  of  a  standard  test  procedure  for  sensing  and  recording  the  desired 
phenomena* 

The  initial  phases  of  the  test  program  were  conducted  with  the  objects 
of  establishing  satisfactory  procedures,  testing  the  design  features  and  power 
requirements  of  a  flow-modulating  unit,  finalizing  the  choices  of  test  stand 
and  feed  system  components,  and  determining  the  range  of  application  and 
operating  characteristics  of  the  instrumentation.  For  these  purposes  a  simple 
monopropellant  rocket  motor  and  feed  system  were  constructed  to  operate  with 
ethylene  oxide  and  small  quantities  of  gaseous  oxygen  (Hi) -  The  relatively 
low  temperature  of  this  combustion  made  possible  the  use  of  an  uncooled  motor 
which  could  be  run  with  easily-installed  pressure  instrumentation  for  a  dura¬ 
tion  of  a  half-minute  or  more.  This  stainless  steel  chamber  with  radial  in- 
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jection  Is  shown  mounted  on  the  thrust  stand  in  Figure  7  in  a  configuration 
in  which  a  total  of  121  test  runs  were  made0  The  flush-mounted  pressure 
pickups  are  shown  installed  in  injector  and  chamber  in  more  detail  in  Figure  8. 

Because  the  primary  interest  in  combustion  instability  and  the  time 
lag  parameters  which  contribute  to  its  understanding  lies  in  the  field  of  liquid 
bipropellant  rockets,  the  monopropellant  system  gave  way,  following  the  comple¬ 
tion  of  the  preliminary  tests  described  above,  to  a  bipropellant  motor  designed 
for  obtaining  valid  time  lag  data  at  three  operating  chamber  pressure  levels. 

The  propellant  combination  chosen  for  these  experiments,  and  currently 
in  use  on  the  test  program,  consists  of  liquid  oxygen  and  ethyl  aloohol  (  in 
a  commercially-available  form  containing  approximately  5%  water  and  small  quan¬ 
tities  of  gasoline,  methyl  aloohol,  and  ethyl  acetate).  This  ohoioe  is  based 
primarily  upon  the  wealth  of  available  information  In  the  literature  concern¬ 
ing  reliable  designs  of  rocket  chambers,  nozzles,  injectors,  and  feed  system 
elements  for  use  with  these  propellants.  Since  the  development  of  a  high- 
performance  rocket  motor  is  not  a  primary  objective  of  the  program,  it  was 
felt  that  the  adoption  of  a  thoroughly  tested  propellant  combination  using 
proven  component  designs  would  represent  a  considerable  saving  in  time  in  the 
experimental  phase  of  the  work. 

The  rocket  combustion  chamber  itself  is  machined  from  solid  copper 
bar  stock  as  a  thick-walled  cylindrical  shell  of  3  -  inch  inside  diameter, 

6  -  inch  outside  diameter,  and  a  length  of  l**! /61*  -  inches.  A  sectional 
view  of  the  chamber,  injector,  and  nozzle  is  shown  in  Figure  9.  The  motor 
is  run  uncooled  for  ease  of  installation  and  replacement  of  the  flush-mounted 
pressure  pickups  (as  illustrated  in  this  figure)  for  a  total  run  duration  of 
10  to  15  seconds.  The  L  of  the  chamber-nozzle  combination  is  approximately 
k7  inches}  and  the  motor  is  designed  to  operate  at  300,  1*50,  and  600  psia 
chamber  pressure  levels,  producing  nominal  thrusts  of  250,  1*00,  and  550  pounds. 


82 


respect!' vely,  at  each  of  these  pressures  at  a  design  mixture  ratio  of  1 ,35 
(oxygen-to-fuel,  by  weight). 

The  injector  configuration  is  based  upon  a  Reaction  Motors,  Inc., 
design  with  two  concentric  manifolds  leading  fuel  and  oxidizer  into  a  ring 
of  paired  injection  orifices.  This  ring  consists  of  twelve  pairs  of  one-on- 
one,  unlike  ,  impinging  streams  with  an  impingement  point  zero  distance  from 
the  injector  face.  The  orifice  angles  are  chosen  to  give  net  momentum  of  the 
mixed  liquids  in  the  axial  direction,  and  the  orifice  diameterB  are  designed  to 
produce  a  pressure  drop  of  approximately  120  psi  under  steady  flow  conditions. 
Thus,  separate  Injectors,  similar  in  all  dimensions  save  the  orifioe  diameter, 
are  employed  for  operation  at  each  ohamber  pressure  level.  The  injeotor  assembly 
is  machined  from  solid  brass  stock  in  three  parts,  silver-soldered  together, 

And  bolted  to  the  copper  ohamber,  with  "Flexatallic"  sealing  gaskets  at  the 
interface. 

The  nozzle  design  is  based  upon  a  Purdue  University  prototype  of  a 
double-conical  form  with  exit  diameter  chosen  for  correct  expansion  at  600  psia 
chamber  pressure.  The  converging-diverging ■ walls  are  l/k  -  inch  thick  copper 
with  conical  half  angles  of  30°  and  15°  at  entrance  and  exit,  respectively, 
and  a  throat  diameter  of  0*875  =  inch.  Spirally-wound  copper  wire  and  split 
filler  blocks  on  the  outside  nozzle  walls  form  helical  passages  for  coolant 
water,  which  is  pumped  through  this  jacket  at  an  inlet  pressure  of  1;00  pslg 
and  an  outlet  pressure  of  100  psig. 

The  test  stand  on  which  the  motor,  flow-modulating  unit,  and  some 
feed  system  components  are  mounted  is  illustrated  in  Figure  10.  The  stand 
is  built  on  a  concrete  base  with  flat  aluminum  top,  an  arrangement  which  is 
simple,  sturdy,  and  spacious  enough  for  instrument  installation  and  mainten¬ 
ance.  The  supports  for  this  stand  are  of  leaf-spring  type,  permitting  only 
one  degree  of  flexural  freedom,  with  sandwich  construction  supplying  rigidity. 
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Figure  10  also  provides  a  view  of  the  flow-modulating  unit  installa¬ 
tion,  details  of  which  are  shown  in  Figure  11.  The  design  is  based  upon  mono¬ 
propellant  experience  and  is  a  straightforward  crank-piston  arrangement  with 
a  0*10  -  inch  crankshaft  eccentricity*  Connecting  rods  are  aluminum,  turning 
in  roller  bearings  and  attached  with  wrist  pins  to  stainless  steel  pistons. 
These  pistons  are  machined  with  two  hardened  bearing  surfaces  which  ride  in 
oil-filled,  porous  bronze  bearings  pressed  into  the  surrounding  stainless 
steel  cylinders.  Since  the  pistons  have  a  fixed  stroke  of  0.20  -  inches,  de¬ 
sired  amplitudes  of  modulation  are  achieved  through  the  use  of  various  sizes 
of  piston-cylinder  diameters,  ranging  from  0.195  -  inch  to  0,1|09  -  inch.  The 
seal  at  this  cylinder  head  is  obtained  from  cup-shaped.  Teflon  gaskets,  im¬ 
pregnated  with  Fib erg las  for  additional  strength  and  lubricated  with  an  inert 
fluorooarbon  grease.  The  cups  are  held  in  place  by  a  removable  piston  cap. 
Power  for  the  system  is  furnished  by  a  5  -  HP,  U.  3.  Motors  Varidrive  electric 
motor  through  a  belt-pulley  drive  with  2rl  diameter  ratio,  providing  modulating 
frequencies  of  from  59  to  2lj8  cycles  per  second.  The  fuel  and  oxidizer  halves 
of  the  crank  shaft  are  joined  by  a  split  flywheel  with  1°  angular  markings, 
which  permits  adjustment  of  the  phase  between  the  two  modulations  to  any  de¬ 
sired  value  before  each  rocket  run. 

The  feed  system,  as  seen  in  Figure  12,  is  a  simple  gas-pressurized 
one,  employing  nitrogen  or  helium  as  the  inert  gas.  Fuel  is  supplied  from  a 
20  -  gallon,  stainless  steel  tank,  while  the  liquid  oxygen  is  retained  in  a 
J4.O  -  gallon,  vacuum- jacketed,  monel  tank.  Two  sets  of  propellant  valves  are 
installed.  The  upstream  "emergency"  valves  are  pneumatically  operated,  while 
the  main  valves  are  hydraulically  opened  models  obtained  from  a  commercial 
design  of  a  rocket  motor.  Both  pairs  of  valves  are  controlled  by  solenoid 
operation  of  a  pilot  gas  pressure,  and  both  are  spring-loaded  for  fail-safe 
closing.  An  extra  by-pass  needle  valve  is  installed  in  the  liquid  oxygen  line 
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for  pre-cooling  the  oxygen  system* 

Multiple-hole  cavitating  venturis  are  placed  in  both  feed  lines  be¬ 
tween  the  main  propellant  valves  and  the  flow-modulating  unit  for  the  purpose 
of  isolating  flow  pulsations  and  combustion  disturbances  from  the  highly  elastic 
feed  system  and  storage  tanks.  Design  details  of  these  venturis. are  shown  in 
Figure  13.  Since  the  venturis  continue  to  cavitate  for  downstream  pressures 
as  high  as  0*8  of  the  upstream  pressure,  they  permit  the  pre-run  determination 
of  constant  average  flow  rates  from  the  choice  of  tank  pressures  only,  inde¬ 
pendent  of  small  variations  in  downstream  pressure*  The  multiple-hole  configu¬ 
ration  was  chosen  after  some  experience  with  single-hole  venturis  for  the  pur¬ 
pose  of  reduoing  the  overall  bubble  volume  and  hence  minimizing  the  effects  of 
this  capacitance  upon  the  creation  of  near-sinusoidal  flow  oscillations. 

Operation  of  the  motor  for  these  short  duration  tests  has  been  re¬ 
duced  to  a  simple  standard  procedure  involving  remote  firing  from  a  console, 
observation  through  armored  perisoopes,  and  photographing  of  primary  gauge 
readings  within  a  reinforced  conorete  control  room,  illustrated  in  Figure  14. 

The  procedure  consists  of  five  successive  steps?  pre-oool  of  the  oxygen  system 
through  the  by-pass  needle  valvej  full  flow  of  liquid  oxygen  for  a  period  of  10 
to  20  seconds}  acceleration  of  the  flow-modulating  unit  to  full  speed  (  $  to  35 
seconds);  electrical  ignition  of  a  solid  propellant  squib  igniter}  and  initia¬ 
tion  by  opening  the  main  fuel  valve „  The  last  step  in  this  procedure  is 
accomplished  automatically  when  the  squib  igniter  burns  through  a  fuse  circuit 
thereby  operating  relays  which  open  the  main  fuel  valve  and  furnish  power  to 
the  timer  circuit  for  the  gauge  panel  clock  and  sequence  camera. 

Sensing  and  Transducing  Instrumentation 

The  instruments  required  for  measurement  of  time  lag  parameter  data 
have  been  described  in  detail  in  several  previous  publications  (15,  27),  and 
it  will  suffice  here  merely  to  describe  their  principles  of  operation  and  the 
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reasoning  behind  their  selection,  grouping  them  according  to  application  for 
sensing  and  recording  either  steady  state  or  transient  phenomena.  "Wherever 
possible,  an  attempt  has  been  made  to  duplicate  these  measurements  in  two  in¬ 
dependent  sensing  elements. 

The  steady  state  data  of  interest  consist  of  thrust,  chamber  and  in¬ 
jector  pressures,  flow  rates,  axial  pressure  distributions,  and  heat  transfer 
rates.  The  first  of  these,  rocket  motor  thrust,  is  observed  on  a  Bourdon-type 
gauge  as  the  force  derived  from  oil  pressure  in  an  finery  hydraulic  load  cell 
mounted  on  the  concrete  base  of  the  test  stand  and  receiving  its  input  load  from 
a  bracket  bolted  to  the  test  stand  table  top.  Total  deflection  of  the  stand  (and 
hence  of  the  piston  within  the  load  cell)  under  the  action  of  the  maximum  thrust 
load  is  approximately  ,002  -  inch,  eliminating  the  necessity  of  considerations  of 
two-dimensional  loading  from  the  parallelogram-type  stand,  A  separate  electri¬ 
cal  indication  of  thrust  is  obtained  from  an  unbonded  four-arm  strain  gauge 
pickup  in  the  form  of  a  tension  member  mounted  on  the  same  test  stand  bracket 
which,  in  turn,  transmits  the  thrust  force  to  the  hydraulic  load  cell.  This 
strain  gauge  pickup  is  used  as  a  Wheatstone  bridge  circuit  and  is  powered  by 
a  90  -  volt  battery  source. 

Rocket  chamber  and  injector  pressures  are  also  observed  both  pneu¬ 
matically  and  electrically,  the  former  appearing  as  indications  on  Heise  - 
Bourdon  gauges  in  the  control  room,  receiving  their  input  pressures  direct 
from  taps  in  the  motor  wall  and  injector  manifolds.  Electrical  signals  again 
originate  in  strain  gauge  pickups,  each  forming  two  active  arms  in  a  battery- 
powered  bridge  circuit.  The  pickups  employed  are  IA-IAu,  double-catenary- 
diaphragm,  water-cooled  models  to  be  described  in  detail  in  a  later  section. 

Propellant  flow  rates  are  measured  from  the  output  frequencies  of 
Potter  turbine-type  flowmeters  mounted  directly  in  the  lines  just  upstream 
of  the  main  propellant  valves.  A  secondary  indication  of  flow  rates  is  ob¬ 
tained  from  the  individual  injector  pressure  drops. 
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Axial  pressure  distribution  along  the  length  of  the  chamber  is  ob¬ 
served  by  two  separate  methods,  neither  of  which  is  considered  entirely  satis¬ 
factory.  The  first  method  attempted  involves  the  use  of  Statham  strain  gauge 
differential  pressure  meters  powered  by  an  alternating  carrier  current  and 
providing  an  amplitude  modulation  as  an  output  signal.  The  necessity  for 
rather  complex  electrical  equipment,  including  commutation  for  observing  five 
separate  pickup  outputs  in  a  1/2  -  second  cycle,  and  the  requirements  for  addi¬ 
tional  remotely-controlled  valves  for  protection  from  overpressure  during  start 
ing  and  shut-down  transients  make  this  system  somewhat  cumbersome  and  expensive 
The  alternate  procedure  of  photographing  armored  manometers,  although  a  more 
direct  method  for  obtaining  pressures,  also  suffers  from  the  complication  of 
protective  valving  as  well  as  from  the  long  response  time  of  connecting  tubing. 

Heat  transfer  measurements  are  primarily  Intended  for  an  associated 
investigation  (28);  however  they  also  furnish  correction  data  for  performance 
calculations  and  are  extremely  reliable  for  indicating  the  existence  of 
"screaming"  oscillations  in  the  motor,  for  this  purpose,  inlet  and  outlet 
thermocouples  are  embedded  in  the  cooling-water  tubes  for  the  chamber  pressure 
pickup  and  the  noazle0 

The  transient  data  requirements  are  fewer  in  number  than  those  for 
steady  state  data  but  considerably  greater  in  complexity.  They  consist  of 
instantaneous  flow  rates,  chamber  and  injector  pressures,  and  frequency  of 
flow  modulation,  of  which  the  only  relatively  simple  measurement  is  the  last 
one.  This  frequency  is  determined  directly  from  the  rotation  of  the  modu¬ 
lating  unit  crankshaft  by  embedding  a  two-pole  permanent  magnet  in  the  shaft 
and  observing  the  output  frequency  from  a  Potter  flowmeter  coil  mounted  on 
the  thrust  stand  immediately  above  the  magnet. 

Of  the  two  remaining  measurements,  the  more  difficult  is  certainly 
that  of  instantaneous  flow  rate.  Previous  attempts  had  been  made  to  use  the 
Li  mass  flowmeter  and  one  model  of  an  electromagnetic  flowmet&ro  However, 
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the  problems  of  fluid  and  electrical  leakage,  low  natural  frequency,  electrical 
drift,  and  non-magnetic  properties  of  organic  fluids  indicated  a  rather  exten¬ 
sive  development  program  with  doubtful  results  before  either  of  these  methods 
could  be  considered  satisfactory.  This  reasoning  led  to  the  choice  of  the 
present  method,  that  of  the  application  of  a  linearized  form  of  the  non-steady, 
incompressible,  axially-symmetric  equations  of  motion  to  the  problem  of  pul¬ 
sating  liquid  flow  through  an  orifice.  The  application  of  this  equation  reduces 
the  flow  measurement  problem  to  that  of  evaluation  of  inertial  parameters  from 
the  geometry  of  the  particular  orifice  configuration  used  and  instantaneous 
measurement  of  the  pressure  drop  across  the  orif±ce0  The  method  was  first 
applied  to  the  radial  Injection  system  of  the  monopropellant  motor  and  then 
for  the  simpler  straight-orifice  design  of  the  bipropellant  injector,  the 
theoretical  analysis  of  which  is  given  in  Appendix  C.  A  more  complete  dis¬ 
cussion  of  the  method  and  its  general  applicability  is  given  by  Wick  (2?). 

At  the  modulating  frequencies  encountered  in  the  present  operation 
departure  of  the  flow  rates  from  those  calculated  by  the  steady  state 
Bernoulli  equation  are  quite  small?  and  a  variance  between  actual  flow- 
pressure  drop  relatione  and  those  predicted  theoretically  of  as  much  as 
twenty  percent  would  still  have  a  negligibly  small  effect  upon  the  total  flow 
rate  at  any  instant.  Nevertheless,  a  study  was  initiated  to  attempt  to  evaluate 
the  theory  by  experimental  techniques  (30#  31)#  with  considerable  effort  spent 
on  the  development  of  a  liquid  hot-wire  anemometer.  It  has  been  found  that 

i 

although  this  instrument  has  application  in  a  few  specialized  cases,  it  is 
not  generally  acceptable  for  measurement  of  amplitudes  of  flow  oscillations? 
and  even  in  flow-pressure  drop  phase  measurements,  it  suffers  generally  from 
restrictions  of  natural  frequency  and  effects  of  vapor  bubbles  on  the  wire. 

These  considerations  have  led  to  the  present  "momentum  method0  for  evaluation 
of  the  theory, ■ in  which  the  instantaneous  thrust  of  the  injector  manifold  under 
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pulsating  flow  conditions  is  measured  by  mounting  a  mock-up  of  the  Injector 
on  a  cantilever  beam  containing  bonded  strain  gauges. 

The  great  importance  of  instantaneous  pressure  measurements  in  both 
rocket  chamber  and  injector  manifolds  is  thus  emphasized,  for  these  data  are 
essential  in  the  determination  of  both  fractional  perturbations  in  chamber 
pressure  and  instantaneous  flow  rate,  the  two  primary  parameters  contributing 
to  the  rocket  transfer  function.  Because  of  this  emphasis  on  reliable  pressure 
measurements,  a  great  deal  of  effort  has  been  expended  in  the  development  of 
the  Li-Liu  pressure  pickup  (27,32,  33).  An  exterior  view  ol  the  model  of  this 
pickup  used  in  the  injector  manifold  is  shown  in  ligure  l5o  The  major  ad¬ 
vantage  of  this  pickup  is  its  ability  to  be  flush  mounted,  by  virtue  of  the 
existence  of  cooling  water  passages  between  its  double  diaphragm.  This  con¬ 
struction  is  indicated  In  the  sectional  view  of  Figure  16.  The  pressure-sensing 
diaphragm  is  formed  from  ,00k  -  inch  thick  stainless  Bteel  of  catenary  cross- 
section,  producing  linear  deformation  with  application  of  pressure.  This 
pressure  is  transmitted  through  a  spacer  ring  to  a  second,  mirror-image  dia¬ 
phragm  upon  which  rests  the  thin-walled  aluminum  strain  tube.  This  tube  is 
doubly-wound  with  special  alloy  strain  wires  for  thermal  and  inductive  compen¬ 
sation.  Provision  is  made  in  the  differential  pressure  models  for  the  appli¬ 
cation  of  a  reference  pressure  to  the  inner  diaphragm,  allowing  for  a  more 
sensitive,  but  short er-range,  instrument.  Safety  stops  are  embodied  in  the 
spacer  ring  design  to  prevent  overpressure  damage  in  either  direction.  A 
series  of  thermal  drift  test3  resulted  in  a  recent  design  for  an  extremely 
stable  chamber  pressure  pickup  which  is  flange-mounted  to  the  outer  chamber 
wall  and  has  double  cooling  jackets  with  separate  inlets  and  outlets,  pro¬ 
viding  drift-free  operation  at  600  psia  chamber  pressure.  The  two  sets  of 
strain  gauge  windings  form  two  active  arras  of  a  battery-powered  Wheatstone 
bridge,  and  the  pickup  output,  at  approximately  60  volts  input,  is  of  the 
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order  0.1  millivolt  per  psi. 

The  final  problem  in  observation  of  data  is  that  of  time 
orientation,  i.e,,  the  coordination  of  all  indicating  and  recording 
instruments  from  a  starting  point  in  time.  This  chosen  start  time  is  the 
opening  of  the  fuel  propellant  valve,  which  marks  the  beginning  of  actual 
combustion  in  the  rocket  chamber.  As  previously  mentioned,  this  operation 
takes  place  as  the  result  of  the  opening  of  a  relay  in  the  igniter  fuse 
circuit.  This  one  circuit-breakage  initiates  three  coincident  Indications 
of  time  during  the  run.  The  first  of  these  is  the  transmission  of  power 
to  an  electric  photo-timer  clock  with  10-second  sweep  which  is  mounted  on 
the  gauge  panel  of  the  operating  control  room.  The  same  signal  initiates 
a  "pulse"  circuit  which  operates  the  sequence  camera  photographing  the 
entire  gauge  panel.  Simultaneously,  power  is  transmitted  to  the  central 
recording  room,  remotely  located,  energising  a  relay  which  conveys  a 
100-cps  timer  trace  to  a  magnetic  tape  recorder  for  transient  signals  and 
a  1-cps  signal  to  the  steady  state  recording  potentiometers.  Thus,  all 
gauges  are  photographed  at  times  which  appear  directly  on  the  photograph, 
and  a  reference  time  indication  appears  on  all  recorded  data. 

Recording  Instrumentation 

All  electrical  signals  from  which  permanent  records  are  desired 
are  transmitted  by  shielded  cables  through  an  underground  conduit  from  the 
test  cell  via  the  control  room,  to  a  central  recording  room  which  is 
isolated  from  extraneous  outside  electrical  disturbances  and  shielded  from 
the  possible  effects  of  test  cell  explosions.  A  schematic  representation 
of  the  location  of  components  and  the  instrumentation  involved  in  pressure 
measurements  is  shown  in  Figure  17o 

Records  of  all  electrical  steady  state  data  are  afforded  by 
recording  potentiometers  of  the  Leeds  and  Northrup  Speedomax  type  arranged 
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in  the  central  recording  room  as  illustrated  in  Figure  180  The  bridge 
circuit  output  from  the  strain  gauge  thrust  pickup  is  recorded  directs  on 
a  20-milivolt  range  instrument,  while  the  frequency  outputs  of  the 
Potter  flowmeters  are  transmitted  through  integrator  circuits  whose  d.c. 
outputs  (directly  proportional  to  frequency)  are  recorded  on  10-milllvolt 
potentiometers.  A  similar  integrator  circuit  is  used  to  transform  the 
modulating  frequency  into  a  d.c.  voltage  lhich  is  recorded  on  an  adjustable 
range  potentiometer.  Press  ire  pickup  outputs  must  be  simultaneously 
recorded  on  both  steady  state  and  transient  instruments,  which  must  be 
electrically  matched  to  prevent  interference  and  non-linear  signal  drainage. 
For  this  purpose  battery-operated  cathode  follower  circuits  are  employed 
which  serve  to  isolate  the  steady  state  recorders  from  the  transient 
instrumentation  and  also  act  as  attenuators*  reducing  the  piokup  outputs 
to  a  range  compatible  wLth  the  10-millivolt  potentiometers  on  which 
steady  state  pressures  are  recorded.  Thermocouple  outputs  are  indicated 
as  temperature  differences  on  adjustable-range  instruments.  In  the  tests 
in  which  the  Statham  differential  gauges  are  used  to  measure  axial  pressure 
distribution  their  outputs  are  obtained  from  demodulation  of  the  alternating 
carrier  voltage  and  are  portrayed  on  a  six-channel  Hathaway  light-beam 
galvanometer  oscillograph. 

Transient  data  are  recorded  simultaneously  with,  but  independent 
from*  steady  state  signals  through  aec0  equipment  located  in  the  central 
recording  room  as  shewn  in  Figure  19.  The  primary  transient  instrument  is 
an  Anpex  7-channel  FM  magnetic  tape  recorder  wL  th  a  fiat  frequency  response 
fromdA  to  10,000  cps.  Three  channels  are  used  for  recording  the  oscillating 
portions  of  oxidizer  and  fuel  injector  pressures  and  rocket  chamber 
pressure,  while  a  fourth  channel  carries  the  100-eps  trace  for  time 
orientation.  Since  this  recorder  requires  an  input  signal  of  approximately 
1.0  volts  for  optimum  fidelity,  two  stages  of  amplification  are  applied  to 
the  pickup  output  signals  before  introducing  them  to  the  tape.  The  first  of 
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these  stages  is  a  d.c.  powered  pre-ampliller  circuit  with  a  gain  of 
approximately  10,  while  the  second  consists  of  Technology  Instrument 
Corporation  multi-range  constant-phase  GaC*  amplifiers  with  variable  gain  of 
from  10  to  1000#  The  Ampex  tape  recorder  is  the  only  instrument  employed 
for  obtaining  quantitative  transient  records;  however,  for  monitoring 
during  rooket  runs  and  for  qualitative  observations  of  data  during  play¬ 
back  from  the  magnetic  tape,  a  it-channel  oscilloscope  (with  strip-film 
attachment  available)  and  the  aforementioned  recording  oscillograph  are 
both  utilized* 

Calibration  Methods 

Wherever  possible,  instrument  calibrations  are  conducted  with 
primary  electrical,  pressure  and  force  standards  in  conditions  simulating 
actual  installations  on  the  rocket  test  stand.  The  sensing  elements  are 
all  calibrated  by  static  methods,  save  in  the  case  of  the  development  of 
the  li-Llu  pressure  pickup,  where  some  dynamic  tests  have  been  conduoted  (32)* 
All  calibrations  are  performed  at  regular  intervals. 

The  trust  pickup  and  hydraulic  loed  cell  are  calibrated  coincidently 
by  applying  a  thrust  load  to  the  test  stand  through  a  factory-calibrated 
proof  ring  and  observing  the  deflection  of  this  ling  with  a  standard 
machinist's  dial  indicator  gauge.  Known  pressures  are  applied  to  the  ld-Liu 
pickups  during  calibrations  with  a  dead-weight  tester,  and  the  pickup  out¬ 
puts  are  observed  on  a  hand-balm  ced  potentiometer  with  light-beam  galvano¬ 
meter.  These  tests  determine  the  pickup  output  sensitivity  under  fixed 
voltage  conditions,  indicate  the  extent  of  the  linear  output  range  of  the 
differential  models,  furnish  a  check  on  possible  hysteresis  or  M  back-lash" 
effects,  and  provide  information  on  pickup  repeatability  through  cycling 
tests,  A  typical  output  curve  from  such  a  cycling  calibration  test  is 
reproduced  from  a  previous  publication  (32)  in  Figure  20.  Tests  of  "hot" 
sensitivity  of  differential  pickups  under  actual  firing  conditions  are 
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accomplished  by  applying  successively  two  different  values  of  referenoe 
pressure  to  a  pickup  during  a  rocket  run  and  comparing  the  outputs  from 
these  two  differential  pressures  at  essentially  constant  chamber  pressure. 

The  Potter  flowmeter  sensing  elements  are  factory-calibrated  by  direct 
time-weighing  methods  with  fluid  density  and  thermal  contraction  corrections 
appliedo  Calibration  of  the  differential  cells  for  axial  pressure 
measurement  is  performed  by  applying  pressure  from  a  mercury  manometer0 
The  steady  state  recording  potentiometers  are  calibrated  in  a 
straightforward  manner  from  hand- balanced  potentiometer  inputs.  These 
teats*  when  conducted  with  the  cathod  follower  circuits  installed*  constitute 
checks  on  the  linearity*  hysteresis*  and  output  sensitivity  of  the  complete 
steady  state  pressure  recording  system.  All  Bourdon  gauges  are  checked  by 
dead-weight  gauge  tester*  and  the  frequency  integrating  circuits  are 
calibrated  with  inputs  from  60-cps  and  120-ops  regulated  line  voltage* 

Calibration  of  the  transient  recording  system  is  a  somewhat  more 
complex  procedure  and  la  perf caned  in  two  separate  operations*  one  before 
and  one  following  a  rocket  run.  Each  involves  the  simulation  of  pressure 
fluctuations  by  an  oscillating  electrical  signal  which  forms  an  input  to 
the  amplifier  system,  is  played  through  the  complete  transient  network  at 
approximate  run  settings*  and  finally  appears  as  a  magnetic  signal  on  the 
tape  recorder.  In  the  pre-run  operation*  individual  recording  channels 
are  calibrated  separately  for  amplitude  sensitivity  by  choosing  an 
electrloal  input  of  the  size  expected  from  the  pressure  pickup  signal 
during  the  run,  and  at  the  preset  run  frequency.  Calibrations  of  phase 
differences  between  channels  arising  from  the  recording  network  are  obtained 
in  the  post-run  operation  by  simultaneously  recording  signals  of  the  average 
run  amplitude  and  the  exact  run  frequency  on  all  three  transient  pressure 
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ANALYSIS  OF  EXPERIMENTAL  DATA 
Beduction  QC  Primary  Data 

A  sample  calculation  for  data  points  obtained  during  a  typical 
rocket  run  is  contained  in  Appendix  E,  with  all  steps  in  the  data  reduction 
procedure  given  in  detail.  The  following  discussion  is  therefore  limited 
to  a  general  explanation  of  the  data  handling  operations  involved  find  the 
calculation  methods  employed. 

Primary  steady  state  data  are  comprised  of  two  major  forms:  gauge 
panel  photographs  and  Speedomax  recorder  charts.  The  former  are  quickly 
reduced  to  corrected  pressures  and  thrust  by  projecting  the  70-mm  strip 
film  on  a  screen*  reading  the  indicated  gauge  values,  and  correcting  these 
readings  from  the  dead-weight  and  proof -ring  calibrations  of  pressures  and 
thrust,  respectively.  At  the  same  time*  the  instant  at  which  each  photo¬ 
graph  was  taken  is  noted  from  the  gauge  panel  clock,  and  reliable  points 
after  the  starting  transient  and  before  the  release  of  pickup  reference 
pressure  preceding  the  end  of  the  rocket  run  are  selected.  These  photo 
times  then  determine  the  locations  on  the  Speedomax  charts  at  which  data 
are  to  be  read.  The  marker  pen  indications  on  these  charts  specify  the 
instant  of  zero  time  from  which  the  reading  times  of  valid  points  are 
located  as  distances  from  the  known  recorder  chart  speed.  Net  chart  readings 
at  these  points  are  then  converted  to  numerical  pressure,  flow  rate,  frequency, 
and  thruet  measurements  from  their  corresponding  calibration  curves. 

Corrections  to  the  flow  rate  readings  are  calculated  from  thennal  contraction 
at  the  liquid  oxygen  boiling  point  and  from  the  fuel  specific  gravity  at  its 
measured  temperature.  Axial  pressure  distributions  are  either  read  directly 
from  manometer  photographs  or  reduced  to  pressure  values  from  the  oscillograph 
charts  and  accompanying  calibrations. 

Having  decided  from  the  oscilloscope  monitor  of  the  run  that  the 
transient  signals  are  of  the  desired  order  of  magnitude  for  a  constant  mixture 
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ratio  data  point,  one  may  then  proceed  at  any  convenient  time  to  play  back 
the  permanent  records  of  oscillating  pressures  from  the  tape  recorder®  The 
important  data  to  be  derived  from  these  taped  signals  are  the  amplitudes  of 
and  phase  angles  between  the  chamber  and  injector  pressure  oscillations,  and 
these  may  be  played  back  at  the  recording  speed  of  60  inches  per  second  for 
quantitative  readings  or  3  inches  par  second  for  display  or  investigation  of 
the  wave  form  of  each  cycle.  The  linearized  perturbation  analysis  whLch  pro¬ 
duced  the  governing  combustion  chamber  equation  contains  the  inverse  transfer 
function  of  the  rocket  motor  in  terms  of  the  response  of  the  chamber  at  the 

fundamental  frequency  of  input  oscillations,  without  the  inclusion  of  second 

\ 

order  effeots  of  squared  terns  in  the  frequency  or  higher  harmonics  of  this 
fundamental®  For  this  reason,  all  three  pressure  signals  are  fed  through 
passive,  ft-L-C  element  filters  of  constant  inter-ohannel  relative  phase. 

These  serve  to  eliminate  small  high-frequency  oscillations  and  random  com¬ 
bustion  noise  without  distorting  the  fundamental  wave  shape. 

The  actual  values  of  osolllating  amplitudes  and  phases  are  deter¬ 
mined  by  a  method  which  has  resulted  from  considerable  development  efforts. 

The  original  procedure  consisted  of  direct  measurements  by  linear  scale  of 
ths  peak  amplitudes  and  peak-to-peak  phase  distances  on  playback  records  from 
the  Hathaway  oscillograph  or  from  projected  35-im  strip  films  of  the  U-channel 
oscilloscope  face.  This  method  was  employed  for  reduction  of  monopropellant 
time  lag  data  (II4.),  but  it  proved  too  cumbersome  and  inaccurate  for  use  in 
the  bipropellant  measurements,  for  which  a  system  was  adopted  using  a  Ballan- 
tine  vacuum-tube  voltmeter  for  amplitude  values  and  a  Lissajous  pattern  on  a 
two-beam  oscilloscope  for  phase  readings  (1J>)»  The  phase  difference  between 
any  two  signals  was  continuously  nulled  by  hand  during  slow- speed  playbaok 
by  the  variable  resistance  of  an  R-L-C  phase-shift  network.  The  required 
nulling  resistance  was  noted,  and  the  phase  angle  corresponding  to  this 
value  was  determined  from  previous  calibrations  of  oscillator  signals  at  run 
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frequencies  in  which  the  ecoentricity  of  the  Lissajous  pattern  was  measured 
directly.  Time  orientation  during  playback  was  established  by  counting  the 
100-cps  timer  trace  in  a  Berkeley  electronic  counter-timer  and  observing  the 
tape  footage  at  which  photo  values  of  time  occured. 

Data  reduction  by  these  methods  is  extremely  tedious  and  subject 
to  considerable  human  error  in  the  judgment  of  both  reading  times  and  observed 
values)  hence  a  more  reliable  procedure  of  playback  was  developed  which  would 
furnish  accurate  time  reference  and  permanent  records  of  transient  values. 

By  this  scheme,  as  seen  in  Figure  21,  a  signal  amplitude  is  recorded  as  the 
output  of  a  crystal  diode  half-wave  rectifier  on  a  recording  potentiometer 
whose  marker  pen  relay  circuit  is  activated  by  playback  of  the  taped  timing 
traoe,  giving  an  aaourate  time  reference*  A  sufficiently  large  driving 
signal  for  the  diode  is  attained  by  the  use  of  the  aforementioned  TIC  ampli¬ 
fiers  and  a  10  -  gain  phantom  repeater  circuit,  with  the  variable  gain 
setting  of  the  amplifier  adjusted  to  prevent  “clipping*  of  the  diode  input 
from  saturation  of  the  phantom  repeater  tubes*  Linearity  of  the  diode  output 
is  assured  by  passing  two  non-zero  voltages  through  the  diode  circuit  and 
presetting  the  adjustable-zero,  adjustable-range  recorder  to  place  these 
signals  in  their  proper  linear  relationship  on  the  recorder  scale.  Careful 
choice  of  the  values  of  these  pre-set  voltages  insures  that  both  calibration 
and  run  signals  will  lie  within  the  known  linear  range,  and  both  these  taped 
signals  are  played  back  through  this  system  to  form  a  written  amplitude  record* 
Comparison  between  run  and  calibration  levels  and  multiplication  by  the  known 
calibration  input  produces  the  exact  electrical  value  (in  Millivolts)  of  the 
run  signal,  and  division  by  the  previously-determined  pickup  sensitivity 
(milli-volts  per  psi)  transforms  these  readings  into  pressure  units. 

The  final  system  evolved  for  phase  measurement  and  recording 
warrants  some  individual  discussion,  A  phasemeter-recorder  developed  as  an 
experimental  model  by  the  Jones-Porter  Instrument  Company  detects,  by  means 
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of  a  discriminator  circuit,  the  phase  difference  between  two  of  the  filtered 
pressure  signals  and  converts  this  angular  difference  to  an  electrical  output 

l 

which  is  used  to  drive  a  small  servo  motor  attached  to  a  Speedomax  recording 
potentiometer.  Movement  of  the  potentiometer  slidewire  produces  and  opposing 
e.m.f.  until  the  rotation  of  the  servo  shaft  has  completely  balanced  the  in¬ 
put  voltage.  The  resultant  null  position  is  then  a  linear  function  of  the 
original  phase  difference.  Velocity  damping  is  added  to  stabilise  the  re¬ 
corder  operation,  and  frequency  and  amplitude  compensations  are  made  with 
variable  resistances  at  the  phasemeter  input.  Any  phase  shift  inherent  in 
the  machine  may  be  determined  through  a  split  oscillator  signal  which  furn¬ 
ishes  a  third  input  to  the  meter.  The  recorder  output  is  calibrated  either 
from  a  commercially  available  phase  standard  or  by  Lissajoua  pattern  eccent¬ 
ricities,  Again  the  potentiometer  marker  pen  relay  is  used  with  the  taped 
100-cps  trace  as  a  timing  reference. 

Calculation  Procedures 

Once  these  primary  values  have  been  obtained,  the  secondary  data 
reduction  processes  are  performed  as  a  combination  of  hand  computations  and 
electronic  operations  on  an  IBM  digital  computer  (Model  60li)  of  the  card 
program  calculator  type.  These  calculations  are  broken  down  into  three 
successive  stages,  each  of  which  depends  upon  outputs  of  the  previous  stage 
as  inputs  for  the  curront  stage.  The  overall  calculation  procedure  is 
illustrated  in  block  diagram  form  in  Figure  22, 

Calculations  of  the  steady  state  parameters  required  as  inputs  to 
any  of  the  stages  may  be  performed  at  any  point  during  the  data  reduction 
proces3o  In  addition  to  the  primary  values  of  propellant  flow  rates,  injec¬ 
tor  pressures,  chamber  pressure,  thrust  and  modulating  frequency,  steady 
state  data  furnish  inputs  for  hand  calculations  of  injector  pressure  drops, 
mixture  ratio,  total  propellant  flow,  and  axial  pressure  distribution,  from 
these  and  measurements  of  the  nozzle  throat  diameter,  the  characteristic 
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velocity ,  c#,  is  computed.  Plots  are  made  of  the  variations  of  thrust  with 
flow  rate,  chamber  pressure  with  flowrate,  and  thrust  with  chamber  pressure* 
These  plots  furnish  a  secondary  source  of  total  flow  rate  or  chamber  pressure 
if  the  primary  source  of  either  is  not  reliable  because  of  instrument  mal¬ 
function,  and  also  act  as  a  check  on  the  validity  of  such  primary  readings. 
From  calculations  of  adiabatic  flame  temperature  and  equilibrium  composition, 
theoretical  curves  of  various  steady  combustion  parameters  are  constructed}, 
and  from  these,  at  the  observed  rocket  chamber  pressure  and  mixture  ratio 
of  each  valid  point,  one  obtains  theoretical  values  of  flame  temperature, 
characteristic  velocity,  specific  heat  ratio  for  both  chamber  and  nozzle, 
combustion  gas  mean  molecular  weight,  nozzle  inlet  Mach  number,  and  the  slope 
of  the  flame  temperature-mixture  ratio  curve.  From  the  ratio  of  actual-to- 
theoretical  c#  and  the  theoretical  temperature,  one  obtains  the  actual  cham¬ 
ber  temperature.  Application  of  the  perfect  gas  law  and  the  theoretical 
molecular  weight  then  produces  a  value  of  combustion  gas  density  which,  to¬ 
gether  with  the  total  propellant  flow  rate,  is  sufficient  for  computing  an 
average  gas  velocity  assumed  to  exist  at  the  combustion  chamber  exit.  A 
second  computation  of  this  velocity  arises  from  the  application  of  one¬ 
dimensional  incompressible  flow  theory  to  the  axial  pressure  distribution. 

The  speed  of  sound  in  the  chamber  is  computed  from  the  actual  c#  and  a 
theoretical  value  of  chamber  specific  heat  ratio,  and  both  gas  velocity 
figures  are  non-dimensionalized  by  this  sound  speed.  Comparison  between 
each  of  these  calculated  Mach  numbers  and  the  theoretical  value  for  isentropic 
flow  then  reveals  any  order  of  magnitude  discrepancies  which  may  exist  in  the 
primary  data  or  the  intermediate  computations. 

Independent  of  these  secondary  steady  state  calculations  or  of  the 
particular  theoretical  model  chosen  to  define  the  combustion  time  lag  para¬ 
meters,  the  first  stage  of  transient  calculations  requires  only  steady  and 
transient  pressure  data  as  inputs.  From  these  amplitudes  and  phases,  together 
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with  the  theoretical  injector  inertial  phase  lags,  this  operation  produces 
values  of  the  transfer  function  and  instantaneous  mixture  ratio  in  the  form 
of  th8  arguments  and  moduli  of  two  complex  numbers*  Two  intermediate  complex 
quantities  in  addition  to  those  already  discussed  arise  during  this  calcula¬ 
tion.  The  equations  governing  the  various  steps  are  as  follows* 

(a)  Rocket  transfer  functions 


(b)  Instantaneous  mixture  ratio* 

‘<,r  .  5^  if 

fre  rA.  =  <5 

JAP 


(179) 


where  the  fractional  variations £t  and  are  defined  prior  to 
Equations  11  and  15.  If  one  now  defines  two  additional  fractional  oscilla¬ 
tions  by* 
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where* 

pp  =  instantaneous  fuel  injector  pressure 

**  instantaneous  fuel  injector  pressure  drop, 
then  the  transfer  function  may  be  written  as* 


(160) 

These  individual  ratios  are  shown  in  vector  form  in  Figure  23  and 
are  calculated  by  the  following  relations* 


CQS<X-f  ^  **  F 
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where: 

o*>  F  =  fuel  injector  inertial  phase  lag 
*  =  fuel  injector  pressure  amplitude 

r*i 

Pc.  a  chamber  pressure  amplitude 

^“F  =  phase  between  fuel  injector  and  chamber  pressures* 
Final  expressions  for  the  parameters  of  liquation  179  are  then  written  as: 


Rf‘  Tfwk-') 
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where  R0  and^o  represent  corresponding  transfer  function  quantities 
based  upon  the  oxidizer*  The  outputs  of  the  first  stage  of  calculations 
then  consist  of  these  micture  ratio  and  transfer  values: 

To  j  Tp  ^  A  Pc  |  \  A  ]  A^O  5, 
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Fallowing  this  first  stage  of  computation,  one  may  proceed  to  a 
determination  of  the  time  lag  parameters0  Reference  to  the  final  combustion 
chamber  equation,  178,  shows  that  these  variables  are  four  in  number*  mean 
total  time  lag,’5^.}'  average  residence  time  of  burned  gases  downstream  from 
the  combustion  zone,f'©9$  time  lag  interaction  index, T\  j  and  mean  sensitive 
portion  of  the  time  lag,^1#  Calculation  of  these  four  quantities  is  accom¬ 
plished  in  two  separate  stages,  the  initial  stage  yielding  values  oftT^and 
from  an  approximate  form  of  the  combustion  chamber  equation,  and  the 
subsequent  stage  furnishing  quantitative  indications  of  the  remaining  un¬ 
knowns,  7)  andT?  «  An  examination  of  17 Q  shows  that  the  first  term  on  the 
right-hand  side  of  the  equation  contains  the  product  of  total  gas  residence 
time  and  modulating  frequency.!  At  very  high  values  of  frequency,  this  term 
may  easily  become  a  dominant  one  in  the  equations  and  for  a  reasonable  mag¬ 
nitude  of©j,  the  term  will  reach  values  greater  than  O(l)  as  frequency 
incresses.  However,  the  final  term  on  this  side  of  the  equation  will  always 
be  of  0(1)  by  virtue  of  its  exponential  form0  Therefore,  at  values  of  the 
modulating  frequency  for  which  the  product  (^©j)  is  much  greater  than  1,0, 
the  final  term,  containing  two  of  the  unknown  time  lag  parameters,  will  be¬ 
come  negligibly  small  in  comparison  with  the  first  term  (and  others)  on  that 
side  of  the  equation,  reducing  the  number  of  unknown  parameters  by  two0  This 
is  the  approximate  form  of  equation  used  in  the  second  overall  calculation 
stage. 

Separation  of  the  real  and  imaginary  parts  of  this  approximate 
equation  produces  two  equations  in  two  unknowns,  from  which  a  direct  solution 
is  possible  for  both^eg  and  at  each  of  the  experimental  values  of  modu¬ 
lating  frequency.  The  behavior  of  each  of  these  parameters  as  a  function  of 
frequency  must  be  asymptotic,  since  the  approximation  on  which  the  equation 
is  based  becomes  more  nearly  valid  as  the  frequency  increases.  The  asymp¬ 
totic  value  approached  by  each  of  the  variables  must  then  be  the  correct 
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value  of  the  unknown,  which  theoretically  will  be  independent  of  frequency. 
Hence,  plots  of-feg  and t-j. over  the  frequency  spectrum  should  produce  reliable 
results  for  these  parameters  at  the  high  frequency  end  of  the  curve.  The 
degree  to  which  each  variable  approaches  a  true  asymptote  is  then  an  indica¬ 
tion  of  the  maximum  frequency  required  in  the  experiments. 

Having  determined  these  asymptotic  values  of^^andT^,  one  may 
then  rewrite  the  original  combustion  chamber  equation  in  its  exact  form, 
treating  these  quantities  as  known,  and  solving  for  the  remaining  unknown 
parameters,  7]  andT  «  Again  separating  real  and  imaginary  parts  of  this 
complex  equation,  the  third  and  final  stage  in  the  calculation  procedure 
becomes  a  straightforward  analytical  solution  in  which  the  departure  of  the 
results  of  the  approximation  from  the  asymptote  is  an  indication  of  the  mag¬ 
nitude  of  the  final  unknowns. 

The  most  difficult  and  intricate  calculation  in  the  three  stages 
is  obviously  the  second  one,  involving  solutions  of  the  approximate  equation. 
Two  approaches  to  this  computation  are  taken,  with  the  choice  of  method  de¬ 
pendent  upon  the  reliability  of  the  measured  distributions  of  axial  velocity 
(pressure).  Che  approach  assumes  that  the  position  of  major  heat  release 
-P  is  known  from  axial  velocity  distributions  as  expressed  in  Equation  176, 
but  that  the  overall  gas  residence  time, (which  is  equivalent  to  the  inverse 
of  the  final  chamber  gas  velocity),  is  unknown.  Reduction  of  the  approximate 
form  of  Equation  178  results  in  a  solution  f or0g  of  the  form* 

(  A<jj©9+-S)*=c  +(0+FdAJ©3)coi.(uJfea)+(r+r1^©3>'l'-''MJ?'^93 

uoj) 


where  j 


a  modulating  frequency 

=  constants  at  each  point  dependent 
upon  steady  state  values  and  first 
stage  outputs. 
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Solutions  to  this  transcendental  equation  exist  at  points  of  intersection  be¬ 
tween  the  parabola  of  the  left-hand  side  and  the  displaced  sine  curve  of  the 
right.  These  intersections  are  determined  through  convergence  of  a  Newton- 
Eabson  iterative  computation  performed  on  the  IBM  digital  calculator. 

The  second  approach  to  this  calculation  stage  reverses  the  roles 
of  known  and  unknown  quantities.  In  this  method,  the  chamber  exit  gas  velo~ 
city,  tl,  ,  and  hence  the  overall  gas  residence  time,  is  assumed  known  from 
calculations  of  the  gas  properties  within  the  chamber  and  the  total  propellant 
flow  rate,  as  previously  described.  The  unknown  then  becomes  the  location 
of  major  heat  release,  ,  i.e,,  the  average  combustion  *space  lag".  Under 
these  conditions,  the  parabolic  term  of  183  is  absorbed  in  the  known  constants, 
and  the  equation  takes  the  form: 


Cj-f-Cg  CoS 


(16U) 


where: 


=  constant  terms  at  each  point 
•"  non-dimensional  value  of  modulating  frequency, 
based  upon  chamber  length  and  speed  of  sound 
at  the  injector  face. 

complicated  than  183  and  is  amenable  *o  analytical 
$  however,  the  solutions  obtained  will  in  general  be 
complex,  involving  hyperbolic  as  well  as  trigonometric  terms.  In  this  case, 
both  real  and  imaginary  parts  of  the  solutions  for  -f  must  be  plotted  as 
functions  of  frequency.  The  requirements  for  validity  of  results  are  that 
the  imaginary  portion  approach  zero  with  increasing  frequency,  while  the 
real  part  approaches  a  constant  asymptotic  value  which  may  be  considered  the 
correct  one0  If  these  conditions  are  met  within  the  available  range  of 
modulating  frequency,  this  method  offers  an  extremely  attractive  alternative 
to  the  determination  of  very  precise  axial  velocity  distributions* 
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Equation  18i*  is  less 
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Inputs  which  are  common  to  both  procedures  in  the  second  stage  of 
calculation  originate  with  the  outputs  from  the  first  stage  and  a  number  of 
the  steady  state  quantities  whOBe  determination  has  already  been  described. 
The  first  stage  outputs  of  importance  are  f^,,  jS.,  ,  and  J"  ,  while  the 
steady  state  parameters  used  are  mixture  ratio,  modulating  frequency,  charac¬ 
teristic  velocity,  specific  heat  ratio,  chamber  temperature,  and  slope  of  the 
temperature-mixture  ratio  curve#  Two  geometric  lengths  are  also  required* 
those  of  the  cylindrical  chamber  and  the  subsonic  portion  of  the  nozzle# 

The  integrated  velocity  parameters,^  ,  and (as  described  in  Appendix  A), 
are  computed  for  the  conical  exhaust  nozzle  and  included  as  inputs. 

The  correction  terms  appearing  in  the  combustion  chamber  equation 
are  calculated  from  the  expressions  given  in  Equations  169,  170,  and  176. 
These  depend  primarily  upon  the  axial  velocity  distribution  and  its  straight- 
line  segment  approximation  as  previously  discussed.  In  the  first  procedure 
for  second  stage  calcuatlon  in  which  the  space  lag,  or-fT,  is  known,  the 
approximation  of  Equation  177  is  used,  since  the  maximum  non-dimens ionalized 
value  of  experimental  modulating  frequency  is  of  the  order  0.15.  Under  these 
conditions,  ^  ”1-Xj  which  is  the  distance  to  the  first  shaxp  rise  in  axial 
velocity#  The  second  gas  residence  time  correction  factor,  designated  a  in 
Equation  176,  is  treated  as  a  known  function  of  gas  velocity,  regardless  of 
which  stage  procedure  is  employed# 

The  time  lag  distribution  correction  factors,  A  and  depend 
heavily  upon  the  choice  of  droplet  drag  coefficient,  a  quantity  worthy  of 
sane  detailed  discussion^  The  actual  experimental  measurement  and  deter¬ 
mination  of  statistical  average  of  a  droplet  drag  coefficient  for  a  multiple- 
orifice,  impinging-jet  spray  is  an  extremely  difficult  and  exacting  task  and 
somewhat  tedious  for  use  in  determining  a  relatively  small  theoretical 
correction  factor*  However,  reference  to  the  literature  on  droplet  and 
spray  analyses  and  experiments  reveals  the  existence  of  a  large  number  of 
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investigations  of  spray  characteristics  I'rom  which  one  might  ejqpect  to 
glean  sufficient  information  to  make  an  order  of  magnitude  estimate  or 
calculation  of  the  drag  coefficient  in  this  particular  injector-motor 
configuration. 

In  the  range  of  the  droplet  diameters  and  Reynolds '  numbers 
anticipated  for  such  a  system,  a  great  deal  of  empirical  data  (3U>  35)  is 
available  which  substantiates  the  assumption  of  the  present  theoretical 
analysis  of  a  drag  coefficient  inversely  proportional  to  Reynolds'  number. 

On  the  basis  of  this  premise,  one  must  determine  reasonable  magnitudes  for 
the  several  factors  contributing  to  this  Reynolds'  number,  e«g.,  droplet 
diameter,  droplet  velocity  relative  to  gas  velocity,  gas  density,  and  gas 
viscosity.  Fairly  accurate  values  of  gas  density  and  viscosity  may  be  cal¬ 
culated  from  the  measured,  derived,  and  theoretical  gas  properties;,  and  the 
gas  velocity  distribution  is  measured  as  a  primary  input  exclusive  of  these 
correction  factors.  The  only  remaining  properties  are,  then,  liquid  droplet 
diameter  and  velocity. 

This  latter  quantity  is  extablished  if  one  considers  the  assump¬ 
tion  of  the  theory  that  drag  coefficient  may  be  considered  a  constant  through¬ 
out  the  droplet  stay  time  within  the  chamber a  The  magnitude  of  drag  effects 
will  certainly  be  greatest  at  the  instant  of  injection  into  the  chamber, 
since  it  is  at  this  point  that  the  greatest  relative  velocity  between  liquid 
and  burned  gas  exists.  Also,  at  this  relatively  early  time  in  the  combustion 
process,  evaporation  and  surface  burning  effects  are  at  a  minimum,  so  that 
the  purely  hydro  dynamic  considerations  of  the  droplet  dynamics  equation 
are  likely  to  be  most  nearly  valid.  Therefore,  rather  than  attempt  to 
estimate  an  average  drag  coefficient  during  the  entire  history  of  the 
burning  droplets,  it  will  suffice  (at  least  in  the  calculation  of  correction 
factors)  to  evaluate  this  quantity  at  the  injector  face.  Here  the  gas 
velocity  is  zero,  and  the  average  liquid  velocity  may  be  computed  from  the 
known  injector  orifice  area  and  total  propellant  flow  rate,  with  an  average 
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liquid  density  weighted  by  the  known  mixture  ratio.  In  this  manner  the 
problem  reduces  completely  to  the  determination  of  a  reliable  value  of 
droplet  diameter. 

A  great  deal  of  empirical  data  is  available  in  the  published  litera¬ 
ture  of  the  diameters  of  droplets  resulting  from  single  streams  of  liquid 
fuels  sprayed  into  air  or  another  oxidizing  atmosphere,  but  relatively  few 
quantitative  data  appear  on  the  problem  of  impinging-stream  sprays.  Blair  (36), 
in  a  Project  Squid  survey  on  combustion  of  fuel  drops,  cites  a  thesis  by 
Simpson  (37),  saying  * —  the  size  of  drops  in  liquid  propellant  rockets 
ranged  from  about  20  to  about  60  microns  in  diameter";  and  in  a  theoretical 
study  Penner  (38)  has  chosen  $0  microns  as  a  representative  diameter  for 
such  droplets.  One  might  therefore  expect  a  reasonable  choice  of  droplet 
diameter  for  the  injector  orifices  of  the  rocket  motor  employed  in  the 
present  program  to  be  within  this  order  of  magnitude.  An  early  paper  by 
(39),  published  in  1932,  in  which  impinging  jets  of  diesel  fuel  Issued 
from  ,028-inch  orifices  into  air,  shows  measured  mean  droplet  diameters  of 
approximately  2k  microns  at  very  high  jet  velocities.  Much  more  recently 
Schmidt  (liO)  observed  droplets  of  33  to  77  microns  diameter  in  the  spray 
of  a  single  fuel  stream  issuing  at  somewhat  lower  velocity  into  an  air 
stream  moving  at  speeds  of  20  to  100  feet  per  secondo  The  surprisingly 
close  agreement  in  magnitude  of  results  of  experiments  conducted  over  such 
a  wide  range  of  conditions  indicates  that  the  important  parameters  determin¬ 
ing  droplet  diameter  are  —  as  pointed  out  in  a  number  of  analyses  —  liquid 
velocity,  gas  viscosity,  and  injector  orifice  diameter.  In  an  attempt  to 
correlate  the  data  obtained  from  the  two  sources  mentioned,  the  product 
is  calculated  from  values  given  in  the  references;  and  this 
orifice  diameter  -  liquid  velocity  parameter  is  plotted  as  the  abscissa 
against  the  droplet  diameter  ordinate  in  a  log-log  plot  shown  in  Figure  2 it. 


assuming  gas  viscosities  of  the  same  order  of  magnitude  in  both  experiments. 
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An  approximate  curve  is  drawn  between  the  four  points  considered;  and  from 
the  known  values  of  injector  orifice  diameter*  liquid  density*  and  injector 
pressure  drop  at  each  of  the  three  operating  levels  of  the  bipropellant  motor 
described  herein*  the  curve  was  consulted  to  obtain  values  for  expected  drop¬ 
let  diameters  of  28,  30,  and  32  microns,  the  diameters  increasing  with  chamber 
pressure.  A  summary  of  this  data  is  presented  in  Table  I,  with  diameters  de¬ 
rived  for  use  in  this  analysis  shown  in  parentheses.  Although  these  values  are 
certainly  not  precise*  their  order  of  magnitude  is  in  agreement  with  the 
aforementioned  data  for  bipropellant  rockets,  and  they  may  be  considered 
sufficiently  accurate  for  calculation  of  correction  factors. 

A  systematic  computation  of  the  average  gas  viscosity  for  use  in 
the  Reynolds'  number  determination  may  be  performed  from  the  known  theoretical 
composition  of  the  combustion  gas  at  its  equilibrium  flame  temperature.  The 
effects  of  chamber  pressure  on  viscosity  are  considered  negligible  on  the 
basis  of  a  comparison  of  the  ratios  of  actual-to-critical  pressures  and 
temperatures  with  the  evidence  presented  by  Comings  and  Egly  (ill).  Quanti¬ 
tative  values  of  the  viscosity  of  constituent  gases  at  the  existing  flame 
temperature  are  determined  from  an  extrapolation  of  recent  National  Bureau 
of  Standards  data  (1+2 )  by  the  empirical  equations  presented  with  this  data. 

The  average  viscosity  for  the  mixture  is  then  weighted  by  the  molar  fractions 
of  each  of  the  component  gases. 

From  the  above  information,  the  final  calculation  of  droplet  drag 
coefficient  is  a  simple  matter.  The  Reynold^  number  is  determined;  and  from 
an  empirical  curve  similar  to  that  of  dapple  and  Shepherd  (35)  the  product 
of  Reynolds?  number  and  drag  coefficient  is  obtained,  assuming  a  spherical 
shape  for  the  droplets.  Reference  to  the  defining  equation  for  the  drag 
coefficient  in  the  form  to  be  applied  to  the  correction  factor*  and  non- 
dimensionalization  by  the  length  of  the  chamber  and  the  sound  speed  at  the 
injector  face*  results  in  values  for  this  coefficient*  k,  of  from  ,028  to 
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to  *030.  These  are  slightly  smaller  than  the  Mach  number  at  the  nozzle  entrance, 
but  still  of  the  same  order  of  magnitude,  as  assumed  in  the  theory. 

A  series  of  integrations  are  then  performed  to  obtain  the  final  correc¬ 
tions  and  .  Values  of  k  and  gas  velocity  give,  by  successive  nu¬ 

merical  integrations  on  the  digital  computer,  liquid  velocity  distribution, 
total  combustion  time  lag  distribution,  and  the  two  combined  velocity  inte¬ 
grals  exhibited  in  Equations  169  and  170.  Performing  the  computations  indi¬ 
cated  by  these  two  equations,  one  then  acquires  the  values  of  . 

Having  all  the  necessary  inputs,  one  may  then  perforin  the  second 
stage  calculations  by  either  procedure,  select  asymptotic  values  for  £ 
and  ZT  ,  enter  the  exact  combustion  chamber  equation  with  these  quan- 
titles,  and  carry  out  the  third  stage  computations  to  complete  the  deter¬ 
mination  of  all  four  time  lag  parameters. 


Experimental  Accuracies  and  Errors 

Before  attempting  to  discuss  the  validity  of  results  or  the  general 
applicability  of  experimental  methods,  it  is  expedient  to  consider  the  magni¬ 
tudes  of  possible  errors  in  the  data  which  arise  from  inaccuracies  in  the 
measurements.  To  accomplish  this,  one  must  consider  the  inherent  accuracies  in 
each  of  the  measured  inputs  as  determined  by  calibrations  of  the  sensing,  trans¬ 
ducing,  and  recording  instrumentation.  Each  of  the  primary  measurements  is 
treated  individually,  with  possible  errors  accumulated  in  the  various  steps 
leading  to  its  final  value  noted  in  succession. 

Steady  state  chamber  pressure  obtained  iro.n  Heise  guage  photographs 
is  considered  accurate  to  -  2  psi.  The  gauge  precision,  based  on  the  smallest 

4* 

unit  of  pressure  detectable,  is  -  1  psi,  which  is  within  the  scatter  of  results 
of  repeatability  and  hysteresis  calibrations  by  dead-weight  tester.  However, 
uncertainties  in  observation  of  the  photographs  increases  this  to  the  larger 
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figure*  Injector  pressure  Heise  gauges  are  precise  to  -  2  psi,  with  calibration 
accuracy  again  within  these  limits;  but  similar  photographic  uncertainties  in¬ 
crease  this  possible  error  to  -  i|  psi. 

Determinations  of  these  steady  state  pressures  by  ld-Liu  strain 
gauge  pickups  are  subject  to  errors  primarily  because  of  thermal  zero  drift  of 
the  pickup  outputs*  Although  cold  calibrations  of  the  pickups  through  the 
cathode  followers  and  Speedomax  recorders  show  repeatability  errors  of  only 

-  2  psi,  the  uncertain  location  of  zero  points  during  a  run  may  be  as  great  as 

-  .05  recorder  divisions,  which  represents  -  5  psi.  Therefore  a  cumulative 
error  of  ^  7  psi  is  conceivable.  For  this  reason,  photographed  values  of  the 
three  steady  state  pressures  are  used  wherever  possible. 

The  accuracy  of  steady  state  thrust  readings  is  controlled  by  the 
calibration  tests,  since  both  photographed  and  recorded  values  may  be  read  re¬ 
liably  with  a  precision  of  -  1  pound.  Proof -ring  deflection  under  load  is 
factory  calibrated  with  a  maximum  error  of  -  l/k  pound;  however,  load-cell  and 
gauge  hysteresis  and  strain  gauge  bridge  current  variations  increase  the  possi¬ 
ble  error  in  thrust  to  -  2  pounds. 

Factory  calibrations  of  the  Potter  steady  state  flowmeters  are 
accurate  to  -  .002  pounds  per  second,  which  is  of  the  same  order  of  magnitude 
as  the  precision  with  which  the  integrator  circuit  output  may  be  read  and  is 
greater  than  observable  departure  of  this  output  from  linearity  with  frequency. 
Measurement  of  fuel  specific  gravity  by  hydrometer  methods  is  considered 
accurate  to  -  .0005  in  an  average  value  of  0.790;  but  corrections  to  the  liquid 
oxygen  flow  rate  for  density  and  thermal  contraction  may  be  in  error  by  as  much 
as  1#  of  the  measured  value,  which,  at  high  pressure  operation,  results  in  an 
absolute  error  of  -  .010  pounds  per  second.  Thus  although  fuel  flow  is 

measured  reliably  to  -  .001  pounds  per  second,  the  oxygen  flow  and  total  pro¬ 
pellant  flow  must  be  considered  possibly  in  error  by  as  much  as  -  .010  pounds 
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per  second,  resulting  in  a  steady  state  mixture  ratio  accuracy  of  -  .01. 

The  flow  modulating  frequency  is  measured  by  a  Potter  sensing  coil 
and  integrator  circuit  similar  to  that  employed  in  flow  rate  measurements. 

Hence  the  integrator  linearity  and  recorder  precision  and  hysteresis  deter¬ 
mine  the  possible  error,  which  varies  with  the  range  chosen  for  this  adjustable 

+ 

recorder.  At  frequencies  of  100  cps  or  less,  the  error  is  -  .01  cps;  from  100 
to  200  cps,  it  is  -  *02  cps;  above  200  cps,  it  is  -  .025  cps. 

The  accuracy  of  transient  pressure  amplitudes  is  established  by  a 
number  of  factors.  Dead-weight  calibrations  of  the  Li-Liu  pickups,  the  signal- 
to-noise  ratio  of  the  transmitting  circuit,  amplitude  distortion  of  the  re¬ 
cording  system,  linearity  of  the  amplifiers,  accuracy  of  the  vacuum-tube  volt¬ 
meter  for  establishing  calibration  amplitude,  linearity  of  the  diode  circuit 
output,  and  precision  of  the  Speedoraax  potentiometer  are  all  contributing  com¬ 
ponents.  Errors  in  the  amplifying  and  recording  systems  are  best  expressed  as  a 
percentage  accuracy  figure  of  -  1 %,  which  represents  a  maximum  error  of  -  0*5 
psi.  Calibrations  of  the  diode-Speedomax  combination  indicate  linearity  and 
repeatability  of  approximately  1/2%,  while  voltmeter  comparisons  with  an  a, c. 
voltage  standard  at  periodic  intervals  show  an  error  of  -  1$.  Dead-weight  test 
pickup  calibrations  exhibit  an  observation  and  hysteresis  total  error  of  -  »0$  mv, 
which  represents  a  pressure  of  -  0.5  psi  at  average  pickup  sensitivities.  The 
cumulative  error  from  all  these  sources  totals  approximately  -  1.5  psi.  The 
signal-to-noise  ratio  is  retained  at  a  value  less  than  0.1  millivolt;  hence 
variations  of  this  magnitude  are  definitely  disceinable  and  represent  realistic 
values. 

Because  of  the  parallel- input  calibration  method  employed,  the  accu¬ 
racy  of  phase  measurements  is  determined  solely  by  the  phase  discriminating  and 
recording  device  previously  described.  Calibration  of  this  instrument  by  com¬ 
parison  with  a  TIC  secondary  phase  standard  shows  a  systematic  error  varying 
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from  zero  at  zero  phase  difference  to  1.6  degrees  at  i;5  degrees  phase  difference 
and  returning  to  zero  at  90  degrees.  Comparison  of  the  secondary  standard  with 
a  lAesajous  pattern  calibration  having  an  estimated  observation  error  of  -  l/2 
degree  showed  the  same  systematic  error.  By  biasing  the  phase  recorder  90  de¬ 
grees  and  subtracting  the  output  of  the  secondary  standard,  this  1,6  -  degree 
error  is  reversed  in  sign,  indicating  that  the  error  originates  in  the  standard. 
For  this  reason  it  is  felt  that  the  phase  meter-recorder  system  is  more  accurate 
than  the  available  standard,  and  the  error  in  transient  pressure  phase  measure¬ 
ments  is  less  than  the  value  of  -  0.5  degrees  obtained  from  Lissajous  pattern 
calibrations. 

The  accuracy  of  time  correlation  for  the  various  chart  readings  of 
steady  state  and  transient  playback  data  is  determined  by  the  errors  in  clock 
photograph  observations  and  precision  of  distance  measurements  on  the  charts. 
These  cumulative  factors  produce  an  overall  reading  time  accuracy  of  -  0,1 
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PRESENTATION  AND  DISCUSSION  OF  RESULTS 


Experimental  Results 

Direct  experimental  measurements  and  caxculated  results  are 
tabulated  and  plotted  in  graphical  form  for  all  acceptable  data  points  in 
groups  according  to  the  stage  of  calculation  in  which  they  are  derived  in 
Tables  I  through  VII  and  Figures  2$  through  62,  Data  obtained  over  the 
full  frequency  spectrum  are  further  arranged  for  each  operating  level  of 
chamber  pressure;  and  the  test  runs  in  these  groups  are  presented  in  the 
chronological  order  in  which  they  were  performed*  with  each  point  identi¬ 
fied  by  a  run  number  and  the  time  from  start  of  the  run  at  which  the  par¬ 
ticular  readings  were  observed.  Figures  pertinent  to  the  discussion  which 
are  not  a  part  of  direct  experimental  measurements  or  calculations  have 
been  grouped  in  proper  order  following  the  presentation  of  results. 

The  most  important  measured  and  derived  steady  state  values  are 
listed  for  the  complete  survey  of  acceptable  points  in  Tables  II  -  A,  B, 
and  C,  each  table  representing  one  chamber  pressure  level.  Correlations 
between  three  of  these  variables;  thrust,  chamber  pressure,  and  total  pro¬ 
pellant  flow  rate,  are  shewn  in  Figures  2$3  26,  and  27o  The  slopes  of  these 
three  curves  represent,  respectively,  thrust  coefficient,  specific  impulse, 
and  characteristic  velocity.  The  values  of  these  slopes  along  with  averages 
of  steady  state  direct  measurements  and  calculated  or  theoretical  gas  and 
liquid  properties  which  contribute  to  the  constant  terms  in  the  various 
stages  of  transient  calculations  are  given  in  Table  III,  The  scatter  of 
these  data  around  their  average  values  not  only  gives  an  indication  of 
repeatability  of  test  runs  but  also  acts  as  an  initial  standard  of  ac¬ 
ceptability  for  each  point.  Thus,  if  the  steady  state  conditions  at  one 
operating  chamber  pressure  level  are  not  predictable  and  repeatable  over 
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a  range  of  modulating  frequencies  at  this  -Level.,  then  the  time  lag  results 
at  these  varying  frequencies  are  not  considered  comparable.  The  criterion 
for  steady  state  data  acceptability,  chosen  on  the  basis  of  overall  in¬ 
strument  accuracy,  is  a  deviation  of  no  more  than  *  3$  from  the  average 
curve  at  each  operating  point.  In  addition  to  this  acceptability  function, 
the  three  correlation  curves  shown  also  provide  a  secondary  source  of 
thrust,  chamber  pressure,  or  total  flow  rate  data  in  the  event  that  one  of 
these  measurements  is  lost  through  Instrument  malfunction  while  all  other 
direct  readings  appear  satisfactory.  Since  thess  performance  parameters 
are  all  functions  of  steady  state  mixture  ratio,  their  use  as  acceptability 
criteria  implies  a  certain  restriction  in  mixture  ratio.  The  design  value 
of  this  quantity  is  1.35,  oxygen-to-fuel,  by  weight,  and  the  nominal  limits 
imposed  by  the  aforementioned  *  allowable  variation  are  from  1.31  to  1.39. 
This  range  has  been  arbitrarily  extended  in  a  few  cases  to  include  points 
from  early  rocket  runs  in  which  propellant  specific  gravity  corrections 
could  not  be  made  because  of  the  lack  of  temperature  data.  Point  values 
of  this  steady  state  mixture  ratio  as  well  as  the  results  of  succeeding  cal¬ 
culations  of  flame  temperature  and  final  chamber  gas  velocity  are  included 
in  Tables  II  -  A,  B,  and  C. 

Results  of  the  first  stage  of  transient  calculation  are  shown 
in  the  three  tables,  17  -  A,  B,  and  C,  and  in  graphical  form  in  Figures  28 
through  36.  These  are  the  values  of  the  computed  transfer  function  para¬ 
meters  and  the  instantaneous  mixture  ratio  of  fractional  flow  oscillations 

IV 

previously  defined  as  the  complex  quantity^  £  .  By  the  terms  of  the  theo¬ 
retical.  analysis,  the  desired  condition  of  constant  instantaneous  mixture 
ratio  throughout  all  tests  at  one  chamber  pressure  level  are  satisfied 
exactly  only  when  this  ratio  of  fractional  oscillations  has  a  value  of  1.0 
with  a  phase  difference  of  0°  between  the  propellants.  The  degree  to  which 
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this  exact  condition  is  approximated  forms  the  second  acceptability  cri¬ 
terion  for  data  points .  Since  the  maximum  value  of  each  propellant  flow 
perturbation  is  limited  by  the  linearised  treatment  of  the  theory  to  ap¬ 
proximately  10$  of  its  respective  total  flow  rate,  a  deviation  of  +  0,1 
from  exact  equality  of  the  two  fractional  oscillation  amplitudes  will  repre¬ 
sent  a  fluctuation  in  the  overall  instantaneous  mixture  ratio  of  only  1$, 
which  is  the  order  of  magnitude  of  terms  neglected  in  the  theory.  Similarly, 
a  phase  difference  of  +  10°  between  these  perturbations  will  introduce  a 
sine  component  of  order  0.1,  which  again  represents  approximately  1$  of  the 
total  flow  rate  values.  These  two  conditions,  e.g.,  /i,  =  1,0  +  0.1,  £  =  0°  + 
10°,  then  form  the  standards  for  judging  the  acceptability  of  transient  data. 
Plots  of  the  actual  variation  in  these  two  mixture  ratio  perturbation  para¬ 
meters  are  shown  in  Figures  3k,  35,  and  36. 

Che  notes  from  the  tabulations  that  these  limits  have  been  re¬ 
laxed  for  a  small  number  of  test  points,  particularly  at  high  chamber  pressure, 
with /t,  values  ranging  from  0.8  to  1.3  and  5"  as  great  as  15°  included  in  the 
results.  These  runs  have  been  accepted  because  equipment  failures  from 
fatigue  after  many  cycles  of  flow  pulsing  or  from  excessive  heat  transfer 
rates  at  high  chamber  pressures  precluded  the  possibility  of  obtaining  addi¬ 
tional  data  at  more  satisfactory  conditions  or  because  the  resonance  effects 
of  feed  system  components  prevented  operation  at  the  particular  value  of  fre¬ 
quency  which  would  produce  the  desired  transient  ratios 0 

It  should  be  emphasized  that  this  condition  of  equal,  in-phase 
fractional  flow  oscillations  is  the  most  difficult  experimental  requirement 
to  be  fulfilled.  Since  the  compressibilities  of  the  two  propellants  are 
different  and  since  each  one  varies  with  modulating  frequency  and  line  pressure 
in  a  manner  different  from  the  other,  a  particular  pair  of  the  fixed-stroke 
pistons  installed  in  the  flow-modulating  unit  will  produce  equal  fractional 
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oscillations  at  only  one  value  of  frequency  for  each  chamber  pressure.  The 
diameters  of  the  discrete  number  of  pistons  available  were  therefore  chosen 
on  the  basis  of  previous  experience  to  achieve  the  desired  constancy  of  mix¬ 
ture  ratio  somewhere  within  ranges  of  frequency  of  approximately  25  -  cps 
width.  The  experimental  procedure  for  producing  acceptable  transient  data 
then  consists  of  the  selection  of  the  proper  pair  of  pistons  for  the  desired 
frequency  range  and  adjustments  of  frequency  and  split-flywheel  settings  in 
successive  rvrns  until  the  required  conditions  are  met.  This  adjustment 
process  is  further  complicated  by  the  interaction  between  phase  and  ampli¬ 
tude  of  the  two  oscillations  through  the  resultant  chamber  pressure  fluctu¬ 
ation,  which  causes  an  interdependence  of  flywheel  and  frequency  adjustments. 
Also,  since  one  is  able  to  monitor  only  pressure  perturbations,  he  must  per¬ 
form  a  rough  calculation  similar  to  the  first  stage  procedure  after  each 
rocket  run  to  determine  the  approximate  mixture  ratio  parameters  from  ob¬ 
served  values  of  steady  state  and  transient  chamber  and  injector  pressures 
as  well  as  their  relative  phases.  Differences  between  oxidizer  and  fuel  in- 
jeotor  pressure  drops  and  variations  with  frequency  of  transient  amplitudes 
and  phases  prohibit  the  establishment  of  overall  pressure  ratio  limits  prior 
to  actual  running;  hence,  this  calculation  must  be  performed  following  each 
run  in  order  that  acceptability  may  be  established  for  that  test.  Because 
of  these  complexities  and  this  inability  to  predict  accurate  settings,  each 
acceptable  rocket  run  is  the  result  of  approximately  twelve  attempts. 

Calculated  values  of  the  transfer  function  parameters  are  pre¬ 
sented  in  Figures  28  through  33  in  the  form  of  a  modulus^  and  a  phase  angle 
jO)  based  on  total  injection  flow  oscillations.  Although  the  combustion 
chamber  equations  have  been  derived  in  terms  of  a  transfer  function  based  on 
fuel  oscillations  only  and  multiplied  by  a  correlating  mixture  ratio  factor, 
the  frequency  variations  of  such  fuel-based  quantities  are  subject  to  the 
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random  scatter  of  instantaneous  mixture  ratio  and  hence  do  not  give  a  valid 
indication  of  actual  behavior  of  the  combustion  chamber.  The  use  of  overall 
transfer  function  parameters  based  on  total  propellant  fluctuations  presents 
the  data  in  the  form  of  primary  interest,  namely  the  response  of  the  chamber 
to  small  perturbations  in  injection  flow  rate  (within  specified  mixture  ratio 
limits)  over  a  range  of  frequencies  of  oscillation.  Such  response  curves 
may  then  be  compared  with  those  obtained  at  different  average  mixture  ratios 
or  with  similar  results  from  a  monopropellant  system, 

Che  notes  that  the  modulus  and  phase  presented  are  actually  the 
inverse  of  the  transfer  function  as  defined  above,  since  they  are  the  ratio 
of  propellant  flow  perturbations  to  the  resulting  chamber  pressure  oscilla¬ 
tions,  The  definitions  of  the  two  parameters  and  their  derivations  from 
previously-described  quantities  are  as  follows: 


where: 


=  amplitude  of  injection  flow  oscillation 


rj 

=  amplitude  of  chamber  pressure  oscillation 


A 


-  phase  angle  lag  of  chamber  pressure 


However,  from  earlier  definitions  and  from  the  derivation  of 


Equation  17/ 


Hence: 
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from  which  the  overall  parameters  may  be  computed  once  those  based  on  fuel 
oscillations  alone  are  known. 

Although  the  range  of  modulating  frequencies  obtainable  with 
existing  laboratory  equipment  does  not  extend  below  60  cps,  the  curves  of 
transfer  function  parameters  have  been  extrapolated  to  aero  frequency  or 
steady  state  conditions.  The  behavior  of  both  parameters  at  this  point  is 
easily  determined  by  substituting  nJ  =  0  in  the  combustion  chamber  equation 
for  the  combined  theoretical  model  (178),  whioh  shows  that  the  modulus  £ 
must  approach  a  value  1.0,  while  the  phase  angle  approaches  aero  degrees. 

Critical  examination  of  the  transfer  function  data  at  each 
chamber  pressure  shows  noticeable  scatter  in  two  ranges*  very  low  frequency 
(60  to  75  cps)  and  middle  frequency  (120  to  180  cps).  The  low  frequency 
scatter  arises  from  two  major  causes,  e.go,  poor  signal-to-noise  ratio  in 
the  electrical  signals  and  a  magnified  effect  of  transients  within  the  rocket 
motor.  The  electrical  difficulties  stem  from  the  fact  that  the  flow  rate 
(and  hence  pressure)  oscillations  are  directly  proportional  to  frequency  in 
a  constant-displacement  modulating  system  such  as  the  one  employed  herein. 
Thus,  even  with  the  largest  pistons  consistent  with  the  design  features  of 
the  modulating  unit,  strain  gauge  pressure  pickup  outputs  in  the  low  fre¬ 
quency  range  are  of  the  order  of  ^-millivolt,  r.m.s.  Since  the  minimum 
noise  level  obtainable  in  the  electrical  transducing  and  transmitting  net¬ 
works  is  approximately  .1/10  millivolt,  the  signal-to-noise  ratio  in  this 
frequency  range  is  no  greater  than  5s  while  at  the  highest  modulating  fre¬ 
quency  it  may  be  as  large  as  30»  Also,  because  the  majority  of  electrical 
"noise’'  disturbances  are  produced  by  60  cps  operational  equipment  in  the 
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laboratory  vicinity,  distortion  of  the  pickup  signals  is  serious  in  this 
range  and  cannot  be  eliminated  by  filtering.  The  secondary  source  of  low- 
frequency  difficulties  arises  from  the  fact  that  small  changes  in  flow  modu¬ 
lating  conditions  resulting  from  piston  heating  and  cooling  or  from  seal 
leakage,  which  require  a  finite  number  of  operating  cycles  to  Qecome  sta¬ 
bilized,  will  extend  over  a  longer  period  of  time  during  low  frequency 
operation  thean  would  be  consumed  at  the  higher  frequencies.  For  this 
reason,  the  transient  amplitude  and  phase  playback  records  consistently 
show  much  longer  stabilizing  transients  and  more  serious  variations  during 
running  at  low  frequency  conditions. 

The  scatter  of  these  data  and  their  departure  from  a  smooth 
curve  in  the  middle-frequency  range  is  evidence  of  another  serious  complexity 
in  the  experimental  program.  A  series  of  pre-run,  cold  flow  tests  with 
varying  modulating  frequency  revealed  the  existence  of  certain  "resonance" 
areas  where  interaction  is  thought  to  occur  between  the  pulsations  in 
pressure  and  the  presence  of  cavitating  venturis  in  the  flow  lines.  Com¬ 
parison  tests  using  both  single  and  muutiple-hole  venturis  isolated  the 
probable  source  of  this  resonance  and  stressed  the  importance  of  obtaining 
the  minimum  possible  bubble  size0  However,  even  with  the  7-hole  venturi 
employed,  two  major  areas  are  found  where  the  existence  of  pulsations  re¬ 
duces  the  average,  or  steady  state,  flowrate  by  as  much  as  8ft.  These  areas 
vary  with  .line  pressures  and  are  different  for  the  two  propellants;  but  in 
general  their  effects  are  most  predominant  in  two  ranges,  one  from  100  to 
150  cps,  and  the  other  from  l60  to  200  cps.  These  two  adjacent  ranges  over¬ 
lap  in  the  two  feed  lines  at  the  600  -  psi  chamber  pressure  level  and  hence 
necessitate  a  revision  of  the  feed  system  configuration  for  obtaining  re¬ 
liable  data  in  this  area  of  frequency.  Sue  b  a  change  has  not  been  made  in 
the  present  investigation,  since  data  in  this  range  are  not  essential  for 
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construction  of  asymptotes  in  the  calculation  procedures  anticipated  at  the 
time  of  testing. 

Although  the  steady  state  flow  rate  deficiencies  can  be  overcome 
by  a  simple  increase  in  feed  line  pressures  during  middle-frequency  operation, 
the  resonance  condition  introduces  serious  effects  in  transient  data  which  are 
not  readily  eliminated.  These  effects  appear  in  either  one  or  both  injector 
pressure  oscillations  in  the  form  of  severe  distortion  of  the  wave  shapes 
from  their  desired  sinusoidal  contours.  The  distortions  are  caused  by  the 
presence  of  large-amplitude  harmonics  of  the  fundamental  flow-modulating 
frequency,  as  is  evident  from  Figure  63,  in  which  the  fuel  injector  pressure 
fluctuation  has  been  played  back  from  the  tape  recorder  through  a  sonic 
analyzer,  and  the  oscilloscope  face  of  the  analyzer  photographed  during  three 
separate  sweeps  of  the  cathode  ray  beam.  In  this  figure  both  amplitude 
and  frequency  of  the  signal  are  shown  on  logarithmic  scales,  and  the  funda¬ 
mental  oscillation  produced  by  the  flow-modulating  unit  occurs  with  full- 
scale  amplitude  at  a  frequency  of  approximately  TiiO  cps.  The  troublesome 
harmonic  in  this  case  appears  at  a  frequency  in  the  vicinity  of  600  cps  with 
an  amplitude  which  is  an  appreciable  fraction  of  the  fundamental.  This  full- 
spectrum  photograph  also  shows  the  presence  of  very  high-frequency  turbulence 
"noise”  as  well  as  the  stray  electrical  noise  in  the  range  of  60  cps  pre¬ 
viously  discussed.  However,  both  these  latter  disturbances  are  relatively 
small  random  phenomena,  while  the  large  harmonic  is  repeated  quite  closely 
for  the  three  separate  sweeps  photographed.  A  closer  examination  of  the 
relations  between  fundamental  and  harmonic  signals  is  possible  from  the 
"center  frequency"  photograph  of  the  same  fuel  injector  pressure  trace  shown 
in  Figure  6h*  In  thise  case,  a  central  frequency  of  3f>0  cps  has  been  used 
to  locate  the  trace  on  the  screen,  and  a  linear  frequency  scale  of  +  2 cps 
is  employed  on  both  sides  of  the  center  point.  The  fundamental  frequency  is 
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found  to  be  136  cps,  and  the  harmonic  is  seen  to  be  exactly  a  iith  multiple  at 
fjlUi  cps.  The  linear  scale  also  employed  herein  for  amplitude  indicates  that 
the  harmonic  is  approximately  one-fourth  the  size  of  the  primary  oscillation 
and  again  is  shown  by  the  presence  of  three  distinct  sweeps  to  be  highly  re- 
peatable0  The  extreme  distortion  caused  by  this  fourth  harmonic  is  illustra¬ 
ted  in  Figure  6$a  by  the  oscillograph  record  of  all  three  pressure  perturba¬ 
tions  during  a  portion  of  this  run.  In  this  case,  the  oxidizer  injector 
pressure  is  undisturbed,  and  the  fuel  resonance  condition  is  also  reflected 
in  a  slight  distortion  of  the  chamber  pressure  trace.  A  number  of  examples 
also  exist  in  which  harmonic  oscillations  are  present  in  the  oxidizer  trace 
singly,  and  a  few  in  which  both  injector  pressures  are  distorted.  In  all 
cases,  however,  the  resonance  effects  appeared  in  the  same  ranges  of  fre¬ 
quency  in  which  the  aforementioned  steady  state  flow  rate  decreases  were 
observed,  namely  between  100  and  2$0  cps  and  between  160  and  200  cps* 

The  technique  of  selective  electrical  filtering  is  applied  to  all 
te3t  data  to  eliminate  the  effects  of  high  frequency  combustion  and  turbu¬ 
lence  noise  (as  previously  mentioned  in  the  discussion  of  data  reduction 
methods),  and  it  might  be  expected  that  such  "low-pass"  filtering  might  be 
employed  to  overcome  the  harmonic  distortion  so  evident  in  this  middle- 
frequency  range.  However,  the  validity  of  this  filtering  application  is  de¬ 
pendent  upon  two  conditions:  the  perturbations  must  be  small  in  comparison 
with  the  fundamental  oscillation  so  as  to  be  considered  definitely  second 
order  quantities,  and  the  frequency  of  occurrence  of  these  randon  distur¬ 
bances  must  be  sufficiently  high  so  that  a  large  number  of  such  oscillations 
will  exist  and  hence  effectively  cancel  each  other  over  the  space  of  one 
cycle  of  flow  modulation.  In  the  case  of  the  harmonics  described,  neither 
of  these  conditions  is  satisfiedo  The  amplitude  is  too  large  to  be  neglected 
in  a  linearized  analysis,  and  the  fourth  harmonic  frequency  is  too  close 
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to  the  fundamental  to  be  considered  cancellatory  over  any  appreciable  portion 
of  a  modulating  cycle,,  Thus,  as  shown  in  Figure  65b,  although  the  filter 
action  successfully  removes  the  wave  distortion  caused  by  the  presence  of 
harmonics,  in  so  doing  it  shifts  the  phase  relationship  between  midpoints 
or  peaks  of  the  distorted  and  pure  waves  and  alters  the  root  mean  square 
anplitude  to  such  an  extent  that  the  resulting  data  are  meaningless,. 

The  alternative  of  analyzing  the  actual  wave  form  by  Fourier 
methods  and  including  harmonic  contributions  to  the  fluctuating  pressure  is 
inconsistent  with  the  fundamental  premise  of  linearized  oscillations  of 
negligible  second  order  or  higher  frequency  terms,  on  which  the  entire 
analysis  of  the  combustion  chamber  is  based.  It  becomes  evident,  therefore, 
that  test  data  in  which  such  large  harmonics  exist  are  invalid,  and  one  is 
obliged  to  attempt  to  obtain  acceptable  points  in  the  narrow  "borderline" 
range  between  150  and  160  cps  if  a  complete  frequency  spectrum  is  to  be 
accomplished. 

Several  test  runs  within  this  range  were  performed  at  each  chamber 
pressure  level,  and  the  resulting  traces  from  one  such  run  are  shown  in  the 
"raw"  and  filtered  oscillograph  records  of  Figure  66,  The  appearance  of  the 
unfiltared  pressure  oscillations  of  Figure  66a  indicates  that  only  second 
order  harmonic  effects  are  present.}  and  on  the  basis  of  these  observations, 
all  such  runs  in  this  frequency  range  which  meet  the  aforementioned  accepta¬ 
bility  criteria  have  been  considered  reliable  and  employed  for  further  calcu¬ 
lations,  The  evident  scatter  of  the  transfer  function  data  of  even  these 
carefully  selected  border  points,  however,  emphasizes  the  severe  effects  of 
resonance  interactions  and  leads  one  to  a  more  careful  examination  of  the 
filtering  action.  Comparison  of  the  phase  relationships  between  unfiltered 
and  filtered  traces  in  the  border  frequency  test  seen  in  Figure  66  with  those 
of  a  typical  valid  high  frequency  run  as  presented  by  the  oscillograph  records 


121 


in  Figure  67  show  that  the  presence  of  even  small  harmonic  components  is  suf¬ 
ficient  to  invalidate  data  points  within  this  frequency  band,  since  the  filter¬ 
ing  process  increases  the  apparent  value  of  \  p  by  about  £  degrees.  Such 
comparisons  further  stress  the  unreliability  of  visual  observation  of  wave 
forms  as  a  criterion  for  acceptability  and  demonstrate  the  necessity  for 
more  objective  methods  of  selection,  such  as  the  use  of  a  sonic  analyzer,  on 
all  transient  data0 

It  is  evident,  then,  that  valid  results  for  transfer  function 
parameters  probably  exist  only  at  low  and  high  frequencies  and  that  the  curve 
shapes,  as  presented,  must  be  determined  from  data  in  these  two  ranges  only. 

The  choice  of  points  in  the  low  frequency  range  must  be  weighted  by  the 
known  behavior  of  these  curves  at  zero  frequency,  since  their  scatter  is 
notably  large.  However,  the  large  signal-to-noise  ratio  and  freedom  from 
harmonics  of  high  frequency  points  produce  a  much  higher  degree  of  repeata¬ 
bility  and  hence  a  more  reliable  average  ^ralue  in  this  portion  of  the 
spectrum. 

Pertinent  data  for  calculation  of  drug  coefficients  and  velocity 
correction  factors  required  as  inputs  Jio  the  second  and  third  computational 
stages  are  summarized  in  Table  V,  while  the  straight-line  segmented  curves  of 
velocity  distribution,  determined  from  five-point  axial  pressure  surveys  with 
final  velocity  corrections,  are  shown  graphically  in  Figures  37,  38,  and  39. 
Results  of  numerical  integrations  of  the  droplet  dynamics  equation  with  pre¬ 
determined  drag  coefficient  values  are  presented  as  liquid  velocity  distri¬ 
butions  superimposed  upon  these  figures.  Subsequent  integration  of  the 
inverse  of  liquid  velocity  yields  a  value  of  theoretical  total  time  lag  at 
each  location  representing  the  time  spent  by  a  droplet  in  reaching  that  point. 
These  calculated  total  time  lag  distributions  are  plotted  for  all  three 
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chamber  pressure  levels  in  Figure  1*0 . 

Values  of  the  time  lag  parameters,  >  $  ,  Fj-  ,  n  ,  and  F 
calculated  by  the  second  and  third  procedural  stages  for  both  computation 
methods  previously  described  are  listed  in  Tables  VI  -  A,  B,  and  C,  and  are 
plotted  as  functions  of  frequency  in  Figures  1*1  through  58,  The  figures  are 
grouped  according  to  the  parameter  calculated,  with  curves  for  three  chamber 
pressures  resulting  from  one  procedure  followed  by  similar  curves  for  the 
alternate  procedure.  The  gas  residence  time  parameter  differs  in  the  two 
procedures,  since  the  overall  residence  time,  is  the  unknown  determined 
from  the  first  procedure}  and  ■£  ,  the  fractional  length  following  the 
average  space  lag,  is  considered  as  the  unknown  in  the  second.,  Imaginary 
portions  of  the'  complex  solutions  for  £  and  2^-  obtained  by  the  second 
procedure  are  observed  to  approach  zero  magnitude  as  the  modulating  frequency 
is  increased,  as  may  be  verified  by  plotting  the  data  of  Table  VI,  However, 
since  these  imaginary  quantities  do  not  contribute  to  the  selection  of  as¬ 
ymptotic  values  as  inputs  to  the  succeeding  calculation  stage,  plots  of  their 
variation  with  frequency  do  not  appear  among  the  figures. 

The  overall  gas  residence  time  results  calculated  from  the 

approximate  equation  of  procedure  #1,  appear  as  plots  over  the  frequency 
spectrum  in  Figures  1*1,  1*2,  and  1*3.  Scatter  in  these  values  essentially 
reflects  similar  scatter  in  the  transfer  function  modulus  R,  to  which  the 
calculation  is  primarily  sensitive.  Nevertheless,  the  more  reliable  data  at 
high  frequency  approach  nearly  constant  values  of  6^  ,  and  this  parameter 
clearly  reaches  an  asymptotic  value  within  the  available  raige  of  modulating 
frequency.  Asymptotic  values  are  noted  on  the  curves  as  O0958,  0.91*5*  and 
1,063  milliseconds,  respectively,  at  the  three  mean  chamber  pressures  of  301, 
1*23,  and  590  psia.  Although  these  times  are  certainly  of  the  order  of  magni¬ 
tude  to  be  expected  on  the  basis  of  physical  reasoning,  they  are  consistently 
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smaller  than  the  values  of  1,6  to  2.0  milliseconds  derived  from  calculated 
chamber  gas  velocities  and  employed  in  procedure  #2,  a  discrepancy  which 
casts  some  doubt  upon  the  validity  of  the  method  of  selecting  these  as¬ 
ymptotes. 

Figures  1*1*  through  1*6  present  the  variation  with  frequency  of  the 
real  component  of  the  space  lag  parameter  ^  ,  representing  the  fraction  of 
chamber  length  downstream  from  the  so-called  combustion  '’front"  as  calcu¬ 
lated  by  procedure  #2.  Che  notes  that  the  scatter  in  these  results  is  much 
less  pronounced,  even  in  the  middle  frequency  range,  than  in  the  correspond¬ 
ing  residence  time  values  of  procedure  #1.  Careful  examination  of  the 
equations  of  this  second  procedure  show  that  solutions  for  the  real  portion 
of  the  quantity  ^  are  relatively  insensitive  to  scatter  in  the  transfer 
function  modulus  R  ,  since  variations  in  this  real  part  merely  change  the 
angle  of  a  complex  vector  whose  length  is  primarily  determined  by  the  value 
of  R  and  the  chosen  value  of  in  the  dominant  term  o  Solutions  for 

the  imaginary  portion  of  £  ,  however,  must  satisfy  the  length  requirements  of 
such  a  vector  and  hence  are  highly  sensitive  to  scatter  in  R  results.  At  high 
frequency,  thi3  scatter  is  much  less  pronounced,  and  the  imaginary  portion 
of  J  becomes  definitely  smaller  and  more  regular,  enabling  one  to  deal  with 
only  the  real  portion  in  choosing  a  reliable  asymptote.  The  distributions 
presented  for  this  parameter  clearly  indicate  such  an  asymptotic  behavior  within 
the  obtainable  modulating  frequency  range,  and  values  for  the  chosen  as¬ 
ymptotes  are  noted  on  the  curves  as  0.715s  0.750,  and  0.980,  increasing  with 
chamber  pressure.  These  values  agree  closely  with  the  estimates  of  O0735, 

Qo 835$ and  ^000,  selected  from  velocity  distribution  measurements  and  employed 
in  procedure  #1. 

Values  of  the  average  total  combustion  time  lag,  ^  ,  calculated 
from  the  approximate  equation  by  both  procedures  are  tabulated  in  Table  VI  - 


A,  B,  and  C.  These  solutions  occur  as  phase  angles  in  the  product  fornw>^&nd 
are  thus  primarily  sensitive  to  the  magnitude  of  the  transfer  function  phase 
angle  ^  .  Since  the  distributions  of  this  parameter  exhibit  only  slight 
scatter,  the  total  time  lag  variations  with  modulating  frequency  form  rela¬ 
tively  smooth  curves.  However,  these  curves  do  not  become  sufficiently  flat 
at  higher  modulating  frequencies  to  enable  one  to  choose  asymptotic  values 
with  any  degree  of  reliability.  Although  these  straightforward  frequency 
spectra  have  been  used  with  some  success  in  previous  calculations  to  obtain 
values  of  total  time  lag  which  appeared  well  within  expected  physical  and 
chemical  orders  of  magnitude,  their  inadequacy  in  the  present  calculations 
is  evident  in  Figures  1*7  through  52,  in  which  the  total  time  lag  is  plotted 
against  the  reciprocal  of  modulating  frequency.  In  these  graphs,  the  as¬ 
ymptotic  values  required  for  the  third  stage  of  calculations  are  represented 
by  the  intercept  of  the  curve  with  the  ordinate  where  1/f  is  zero,  that  is, 
where  the  frequency  becomes  infinitely  large.  It  is  obvious  from  these  plots 
that  the  range  of  modulating  frequency  possible  under  the  mechanical  limita¬ 
tions  of  existing  equipment  is  not  sufficiently  high  to  justify  extrapolation 
of  the  calculated  time  lag  values  over  the  large  space  from  the  present 
minimum  reciprocal  frequency  to  zero,  in  spite  of  the  fact  that  the  curves 
are  relatively  flat  in  the  range  in  which  valid  points  have  been  determined. 

These  conditions  lead  one  to  a  critical  examination  of  existing 
results  and  underlying  equations  for  some  additional  evidence  of  the  behavior 
of  the  curves  in  their  high  frequency  range.  Initially,  it  is  observed  that 
because  of  the  sine-cosine  form  of  real  and  imaginary  equations  containing  the 
angle  <J>tr  „  an  indeterminacy  of  +  2>nf  {y\»  o ,  exists  in  the  solution 

for  this  quantity.  However,  observation  of  the  values  of  the  transfer 
function  phase  angle  ft  and  a  careful  study  of  the  behavior  of  the  approxi¬ 
mate  combustion  chamber  equation  at  low  and  high  frequencies  in  the  form  of 
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a  vector  diagram  (this  method  of  solution  to  be  discussed  later  in  more  de¬ 
tail)  indicates  that  the  angle  u)  must  begin  with  zero  magnitude  at  zero 
frequency  and  cannot  exceed  f?>  ,  which  is  less  than  ^  radians  throughout  the 
modulating  range  encountered  herein.  Hence  solutions  for  ui  2^-  are  treated 
as  positive  and  negative  first  quadrant  angles  only,  with  negative  solutions 
arising  from  the  approximate  form  of  equation  employed  as  well  as  from 
scatter  in  the  first  stage  calculations  for  £  and  ^  .  Values  of  Z T 
thus  range  from  very  small  positive  to  equally  small  negative  numbers,  and 
the  use  of  logarithmic  plotting  techniques  to  extrapolate  to  high  frequency 
becomes  meaningless.  Further  examination  of  the  approximate  equation  shows 
that  the  slope  of  the  curve  of^  with  frequency  approaches  an  asymptotic 
value  which  is  numerically  related  directly  to  the  desired  value  of  'Sj-  j 
however,  the  existing  scatter  is  too  great  and  frequency  range  again  too  small 
to  justify  extrapolation  for  the  measurement  of  such  a  slope. 

These  considerations  indicate  that  in  spite  of  its  limited  range 
of  validity,  the  reciprocal  frequency  plot  remains  the  most  promising  method 
for  presentation  of  total  time  lag  data  for  extrapolation  to  an  asymptotic 
value.  Rewriting  the  approximate  equation  in  terms  of  this  recrocal  value 
and  investigating  its  behavior  at  very  high  frequency,  one  finds  that  the 
slope  of  the  versus  l/f  curve  should  approach  a  negative  value  of  0.25 
as  the  frequency  becomes  infinitely  largeo  Therefore,  the  extrapolated  curve 
must  be  drawn  in  such  a  manner  as  to  have  this  small  positive  slope  at  its 
intercept  on  the  ordinate.  Constructing  such  a  smooth  curve  for  each  of 
the  distributions  presented,  one  obtains  intercept  values  of  the  average 
total  time  lag  as  presented  on  the  curves,  e,g0,  0.25,  0,17,  and  0oll 
milliseconds  at  mean  chamber  pressures  of  301,  ij23,  and  590  psia,  respec¬ 
tively.  Because  of  the  similarity  in  distributions  obtained  from  the  two 
calculation  procedures  and  the  uncertainty  of  such  large  extrapolations,  it 
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is  impossible  to  distinguish  between  the  two  values  at  any  one  chamber  pressure* 
and  these  choices  represent  the  best  possible  average  for  both  procedures. 

The  unreliability  of  the  asymptotic  method  is  further  emphasized  by  the  dif¬ 
ference  in  order  of  magnitude  between  these  values  and  those  reported  in 
some  previous  investigations  where  the  best  choice  of  asymptotes  from 
straightforward  frequency  plots  are  approximately  l/2  to  1  millisecond,  which 
are  of  the  order  to  be  expected  from  purely  physical  and  chemical  reasoning. 

Final  time  lag  parameters,  namely  the  pressure  sensitive  portion 
of  the  total  time  uag  and  the  interaction  index  relating  this  sensitive 
portion  to  the  pressure,  are  computed  in  the  third  stage  of  calculation  from 
the  complete  combustion  chamber  equation,  using  asymptotic  values  of  total 
time  lag  and  the  gas  residence  time  or  space  lag  parameter.  Because  of  the 
uncertainty  in  the  choice  of  asymptotes  discussed  above  and  the  similarity  of 
results  from  the  two  procedures  in  the  second  calculation  stage,  it  will 
suffice  here  to  present  and  discuss  the  third  stage  results  from  either  pro¬ 
cedure,  More  realistic  values  of  gas  residence  time  and  relatively  smooth 
variations  in  the  space  lag  parameter  dictate  the  choice  of  procedure  #2j 
and  the  computed  values  of  interaction  index  n  and  sensitive  time  lag  s' 
for  this  procedure  are  presented  over  the  modulating  frequency  spectrum  at 
each  chamber  pressure  in  Figures  53  through  58» 

These  final  calculations  are  extremely  sensitive  to  scatter  in  the 
transfer  function  parameters  R  and  fi  ,  and  for  this  reason,  the  unreliable 
points  throughout  the  middle  frequency  range  have  been  omitted.  Additional 
evidence  of  the  importance  of  such  scatter  is  given  by  the  existence  of 
negative  solutions  for  one  or  both  parameters,  particularly  in  the  low  fre¬ 
quency  range  where  both  R  and  fi  '  exhibit  considerable  variations  as  pre¬ 
viously  discussed.  Since  negative  time  lags  or  sensitive  time  lags  much 
greater  than  the  total  are  both  physically  impossible,  solutions  in  these 
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categories  cannot  be  considered  as  valid  results  in  themselves  but  only  to 
the  extent  that  they  contribute  to  an  average  value.  As  has  been  pointed 
out,  the  transfer  function  data  at  higher  frequency  show  the  minimum  of 
scatterj  hence  average  values  of  interaction  index  and  sensitive  time  lag 
are  probably  best  determined  in  this  frequency  range.  Such  arithmetic 
averages  have  been  computed  and  indicated  on  the  curves  and  are  tabulated, 
along  with  the  asymptotic  values  employed  in  their  solution  from  the  results 
of  the  second  stage  calculations,  in  Table  VII. 

Additional  doubts  as  to  the  validity  of  these  results  arise  from 
the  variation  of  both  parameters  with  modulating  frequency.  Because  the  wave- 
travel  time  throughout  the  chamber  is  much  shorter  than  the  period  of  one 
cycle  of  flow  modulation,  conditions  in  the  combustion  chamber  may  be  con*’ 
sidered  as  quasi-steady  with  regard  to  chemical  and  thermal  equilibrium,  and 
variations  of  modulating  frequency  within  the  relatively  small  range  possible 
may  be  expected  to  have  no  significant  effect  upon  the  values  of  these  time 
lag  parameters.  The  fact  that  such  variations  do,  in  fact,  exist,  is  pri¬ 
marily  due  to  the  sensitivity  of  these  calculations  to  the  choice  of  as¬ 
ymptotes  in  the  preceding  calculation  stage.  This  sensitivity  has  been  in¬ 
vestigated  more  closely  for  a  particular  data  point  by  selecting  a  number  of 
values  for  the  asymptote  and  computing  the  magnitude  of  both  71  and 
for  each  value.  The  extreme  variation  in  interaction  index  for  even  modest 
changes  in  asymptotes  is  illustrated  in  Figure  68  for  a  high  frequency  point 
( 2I4.I  cps)  at  300  psia  whose  calculated  values  of  R  and/S  both  appeared  reliable. 
Two  additional  attempts  have  been  made  to  account  for  the  fre¬ 
quency  variation  and  scatter  in  these  results  on  the  basis  of  existing 
transfer  function  data.  In  the  first  of  these  attempts,  the  best  possible 
smooth  curve  is  constructed  through  the  R  and^  points,  and  curve  values  at 
regular  frequency  intervals  are  observed  and  employed  with  asymptotic  total. 
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time  lags  to  obtain  V)  and  '£  results.  These  calculations  are  simplified 
by  neglecting  mixture  ratio  variations  which  are  seen  from  Figures  3U,  35, 
and  36  to  be  small  and  essentially  random  in  nature.  The  frequency  spectrum 
resulting  from  the  600  psia  calculation  is  shown  in  Figure  69,  where  it  is 
seen  that  elimination  of  the  scatter  in  R  and  has  led  to  consistently 
positive  solutions  for  both  ??  and  £  .  However,  with  the  chosen  asymptote, 
both  parameters  vary  over  an  order  of  magnitude  range  or  greater  within  the 
span  of  available  modulating  frequencies. 

The  second  attempt  mentioned  is  based  upon  an  inverse  calculation 
in  which  average  values  of  all  four  time  lag  parameters  are  treated  as  con¬ 
stants  over  the  frequency  range  encountered,  and  the  complete  combustion 
chamber  equation  is  employed  to  determine  the  distributions  of  R  and  ^3  whioh 
would  be  required  to  produce  such  constant  values.  Figures  70  and  71  show 
the  results  of  these  calculations  for  all  three  chamber  pressures.  Note  that 
in  all  cases  the  required  values  of  both  transfer  function  parameters  are 
appreciably  smaller  than  the  values  actually  obtained  and  also  that  the  re¬ 
quired  curves  exhibit  much  less  change  throughout  the  frequency  range  than 
appears  in  the  actual  curves  of  Figures  28  through  33* 

The  pressure  dependence  of  each  of  the  parameters  is  indicated  in 
the  curves  of  Figures  59  through  62.  Values  of  gas  residence  time  calculated 
from  the  best  available  thermo- chemical  data  and  measured  pressures  and  mass 
flows  which  are  employed  in  procedure  #2  show  a  slight  decrease  with  in¬ 
creasing  chamber  pressure,  while  those  values  obtained  from  the  best  possible 
choice  of  asymptotes  in  procedure  #1  are  essentially  constant  within  experi¬ 
mental  scatter«  The  space  lag  parameter  £  exhibits  the  expected  increase 
with  chamber  pressure,  indicating  that  combustion  is  concentrated  closer  to 
the  injector  face  as  chamber  pressure  rises.  Correspondingly,  the  average 
total  time  lag  of  burning  particles  decreases  as  the  combustion  processes  are 
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accelerated  by  higher  chamber  pressure#  Behavior  of  the  final  two  parameters, 
interaction  index  and  sensitive  time  lag,  is  too  uncertain  in  the  present 
calculations  to  justify  any  authoritative  statements  concerning  their  changes 
with  chamber  pressure,  and  in  both  cases  the  best  straight  line  average  has 
been  drawn.  Both  total  and  sensitive  time  lags  are  presented  on  log-log 
plots,  the  slopes  of  which  represent  gross  values  of  interaction  index  over 
large  variations  in  chamber  pressure#  These  gross  values  are  not  expected 
to  agree  closely  with  the  average  calculated  at  any  one  chamber  pressure  be¬ 
cause  of  the  quasi-steady  temperature  conditions  under  which  the  instantaneous 
value  of  71  is  calculated  for  each  pressure.  Thus,  the  interaction  index,  de¬ 
fined  herein  as  instantaneous  rate  of  change  of  an  energizing  rate  function 
with  pressure,  contains  a  contribution  from  the  rate  of  change  of  the  func¬ 
tion  with  temperature  multiplied  by  the  ratio  of  small  temperature  changes 
to  small  pressure  changes.  In  the  case  of  oscillations  in  pressure  around 
an  average  value,  this  ratio  will  be  that  of  the  adiabatic  relations  be¬ 
tween  temperature  and  pressure.  However,  between  two  different  steady  state 
values  of  chamber  pressure,  it  will  be  merely  the  average  slope  of  the  equi¬ 
librium  flame  temperature  curve  drawn  over  the  range  of  pressures  encountered. 
Note  that  if  the  energizing  rate  function  is  not  sensitive  to  temperature, 
that  is,  if  the  time  lag  "preparation"  processes  do  not  change  their  rates 
appreciably  with  temperature,  then  the  contribution  of  this  term  to  the  in¬ 
teraction  index  will  be  negligibly  small,  and  the  gross  and  instantaneous 
values  of  77  should  agree  very  closely.  This  discussion  of  variations  in 

f 

the  interaction  index  is  presented  in  detail  by  Crocco  and  Cheng  in  Ref¬ 
erence  I. 

TVom  the  above  observations  of  (a)  questionable  distributions  of 
transfer  function  data  because  of  uncertainties  in  the  middle  frequency 
range,  (b)  existence  of  physically  impossible  solutions  for  two  of  the  time 
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lag  parameters,  (c)  large  variations  of  these  parameters  with  frequency, 

Cd)  discrepancies  between  required  and  actual  transfer  function  distribu¬ 
tions,  and  (e)  the  requirement  of  excessive  extrapolations  in  a  range  in 
which  mechanical  limitations  prevent  obtaining  data,  one  can  only  conclude 
that  with  the  present  theoretical  framework  and  existing  experimental  equip¬ 
ment  and  techniques,  the  two-stage  calculation  procedure  based  on  asymptotic 
behavior  of  an  approximate  form  of  the  combustion  chamber  equation  is  not  an 
adequate  or  satisfactory  method  for  obtaining  valid  time  lag  parameter  re¬ 
sults,  Since  the  entire  procedure  hinges  upon  the  use  of  reliable  distri¬ 
bution  of  transfer  function  data,  one  might  naturally  suggest  that  an 
obvious  alternative  to  the  asymptotic  method  is  the  use  of  a  form  of  least- 
squares  statistical  fit  of  the  unknown  time  lag  parameters  to  existing  trans¬ 
fer  function  calculations.  However,  such  an  analysis  must  logically  begin 
with  an  attempt  to  normalize  these  data  into  the  form  of  regular  distribu¬ 
tions  by  correlation  of  the  rather  scattered  points  with  small  variations 
in  mixture  ratio,  chamber  pressure,  propellant  temperature,  etc,,  before  the 
shape  of  such  curves  can  be  treated  with  the  degree  of  certainty  required 
for  a  meaningful  statistical  fit.  The  complexities  of  this  involved  treat¬ 
ment  are  too  great  to  be  justifiable  in  the  present  investigations;  hence 
a  number  of  simpler  alternatives  to  the  asymptotic  method  of  solution  are 
attempted. 

Alternate  Calculation  Procedures 

The  methods  selected  herein  as  alternatives  to  the  two-stage 
asymptotic  solutions  described  previously  all  involve  attempts  to  solve  the 
complete  combustion  chamber  equation  directly  with  simplifications  and 
iterative  corrections  derived  from  order  of  magnitude  analyses.  Basically 
the  calculations  are  a  much  simplified  form  of  the  "best?  statistical  fit" 
method  in  vhich  modulating  frequency  is  treated  as  an  independent  variable. 
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Then,  following  the  general  assumption  of  procedure  #1  of  the  former  analyses 
the  position  of  major  heat  release,  i.e.,  the  average  combustion  space  lag, 
is  considered  a  known  quantity  from  steady  state  gas  velocity  measurements, 
with  the  remaining  four  time  lag  parameters  treated  as  unknowns.  Separating 
real  and  imaginary  parts  of  the  single  complex  equation,  one  obtains  two 
real  equations  in  four  unknowns,  with  the  fifth  variable,  modulating  fre¬ 
quency,  to  be  chosen  at  one's  discretion  on  the  basis  of  reliability  of  trans¬ 
fer  function  data  in  the  various  frequency  ranges.  Assuming  the  time  lag 
parameters  to  be  constant  over  the  available  modulating  frequency  spectrum, 
one  may  then  write  the  two  real  equations  at  each  of  two  discrete  fre¬ 
quencies,  producing  a  system  of  four  equations  in  four  unknowns  which  can, 
in  principle,  be  solved  directly  without  recourse  to  asymptotic  or  approxi¬ 
mate  methods.  However,  these  equations  are  not  straightforward  algebraic  or 
trigonometric  relations  but  are  rather  involved  combinations  of  the  two  forms 
which  are  not  amenable  to  direct  analytical  solutions.  Therefore,  an  order 
of  magnitude  investigation  of  the  various  terms  is  performed  for  the  purpose 
of  simplifying  the  solutions. 

The  relative  size  of  each  of  the  terms  in  the  combustion  chamber  equa¬ 
tion  and  their  phase  relationships  are  illustrated  by  the  vector  diagram  of 
Figure  72.  Here  the  four  unknown  time  lag  parameters  are  assigned  typical 
values  which  might  be  expected  on  the  basis  of  physical  reasoning  in  order  to 
furnish  an  idea  of  the  importance  of  the  terms  containing  them.  The  velocity 
distribution  correction  term  has  been  neglected,  since  its  contribu¬ 

tion  is  never  greater  than  1%  of  the  value  of  R,  even  at  maximum  modulating 
frequency.  Also  the  corrections  for  mixture  ratio  variations  do  not  appear 
in  the  diagram,  since  they  are  comparatively  small  in  all  cases  and  essen¬ 
tially  random  in  distribution  over  the  frequency  spectrum,  ^'he  importance 
of  modulating  frequency  in  any  order  of  magnitude  observations  is  obvious 


132. 


from  the  diagram,  since  frequency-depandent  terms  which  are  negligibly  small 
at  low  frequency  in  comparison  to  constant  terms  may  become  sizeable  and 
definitely  not  negligible  at  high  frequency.  For  this  reason,  the  vectors 
are  constructed  and  identified  at  two  typical  frequencies,  a  low  value  of 
approximately  5?»  7  cps  and  a  high  value  of  four  times  that  amount,  or  about 
239  cps. 

A  great  deal  of  information  concerning  the  requirements  for  solu¬ 
tions  and  their  sensitivity  to  distributions  of  /%  and  may  be  obtained 
from  such  a  diagram.  First,  one  notes  that  if  physically  real,  i.e„,  posi¬ 
tive,  solutions  for  the  total  time  lag  and  gas  residence  time  are  to  exist, 
the  value  of  R  must  always  be  greater  than  1.0  and  that  of  must  be 
greater  than  zero.  Also,  since  the  imaginary  vector  -  And  the 

angle  aj  2 tj-  both  increase  regularly  and  are  directly  proportional  to  frequenoy, 
the  two  transfer  function  parameters  must  alBo  increase  regularly  and  raono- 
tonically  for  the  existence  of  solutions  to  even  the  approximate  equation. 

Che  notes  further  that  the  angle  (^-£027-  )  increases  monotonically  with 
frequency  in  the  diagram.  Hence,  the  requirement  of  constant  values  of 
and  #7-  implies  that  the  angle  must  always  increase  faster  thana?  £7. } 
that  is,  that  the  slope  of  a  curve  of/S  vs.c£  must  always  be  greater  than  2^. 
within  a  finite  range  of  modulating  frequency.  Following  such  reasoning 
further,  it  is  apparent  that  if  all  four  time  lag  parameters,  ~>9  , 

and  ^  ,  are  to  remain  constant,  then  only  one  distribution  of  the  transfer 

function  quantities  /€.  and  is  possible. 

In  the  actual  case,  of  course,  one  must  deal  with  the  inverse  pro¬ 
blem  of  treating  experimental  distributions  of/€  and^  to  determine  satisfac¬ 
tory  values  for  the  time  lag  parameters,  and  there  is  no  certainty  that  con¬ 
stant  values ,  or  perhaps  even  real  values,  of  these  parameters  will  result. 
Thus,  although  a  solution  for  a  sort  of  average  value  of  each  of  the 
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parameters  can  be  obtained  from  the  aforementioned  treatment  of  two  separate 
frequency  points,  the  question  of  the  constancy  of  these  values  over  the  fre¬ 
quency  range  can  be  answered  in  this  method  only  by  dealing  with  a  number  of 
such  pairs  of  points  at  various  intervals  along  the  frequency  spectrum.  In 
the  present  investigation,  valid  data  do  not  exist  over  this  entire  spectrum, 
and  one  is  limited  to  obtaining  only  this  sort  of  average  values  in  two  areas 
of  frequency.  However,  the  variation  of  these  results  with  frequency  is  a 
very  significant  matter,  since,  in  effect,  it  determines  the  validity  and 
applicability  of  the  theoretical  representation  of  a  total  time  lag  made  up 
from  the  sum  of  a  sensitive  and  an  insensitive  portion  as  well  a3  the 
linearized  interaction  function  whose  rate  of  change  with  pressure  forms  the 
index  >9  .  Thus,  it  is  essential  in  any  future  investigation  that  precise 
transfer  function  data  be  obtained  over  the  full  range  of  possible  modulating 
frequencies. 

Some  additional  useful  information  may  be  derived  from  the  vector 
diagram.  The  indeterminacy  of  the  quadrant  of  mentioned  in  the  dis¬ 
cussion  of  the  asymptotic  calculation  method  is  resolved  by  referring  to  the 
diagram  and  noting  that  the  an gle^  -^always  lies  in  the  first  quadrant  for 
finite  values  of  R.  Then,  since  experimental  values  of^  vary  between  0  and 
'fyiL  radians  in  the  frequency  range  considered,  the  unknown  angle 
also  lie  within  the  first  quadrant.  A  comparison  of  the  sizes  of  the  vectors 
7?(/-~ and  (&Q  clearly  shows  that  the  basis  of  the  ap¬ 

proximate  equation  used  previously  is  a  valid  one,  since  the  length  of  the 
former  is  never  greater  than  the  magnitude  of  79  ^ while  the  latter  may  in¬ 
crease  without  .limit  as  increases.  It  is  also  apparent  that  what  has  been 
termed  the  third  stage  calculation  for  the  paramtars  79  and  2*  will  be 
extremely  sensitive  to  scatter  in  the  values  of  ^  and  ,  once  %  and 

2^.  asymptotes  have  been  chosen,  for  relatively  small  changes  in  ^  and 
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will  require  corresponding  changes  in  7)  and  2?  which  represent  much 
larger  fractional  values  of  these  two  paramters.  Also,  since  the  rotation 
of  the  vector  V)(/S  ^^jis  determined  solely  by  the  magnitude  of  "S  ,  a 
change  in  the  angle  will  be  reflected  primarily  in  the  value  of 

required  for  a  solution.  Hence,  the  magnitude  of  V  and  the  distribu¬ 
tions  of  both  77  and  2?  with  frequency  for  given and  curves  depend 
heavily  upon  the  choice  of  the  asymptotic  £7-. 

The  influence  of  small  mixture  ratio  fluctuations  is  not  shown 
in  the  diagram,  but  their  importance  is  obvious  if  one  notes  that  the  length 
of  the  R  vector  and  its  rotational  angle B  are  directly  affected  through 
multiplication  of  the  quantity  '  by  a  quantity  equal  to  1.0  plus  the 

complex  mixture  ratio  term 
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which  is  proportional  to  fractional  variations  in  mixture  and  to  the  slope 
of  the  mixture  ratio-temperature  curve.  Because  the  effects  of  mixture  ratio 
on  the  time  lag  parameters  are  unknown  and  unaccountable  in  the  theoretical 
model,  it  is  important  that  the  contribution  of  this  expression  be  kept  small 
in  comparison  to  1.0  by  controlling  instantaneous  mixture  ratio  within  very 
narrow  limits.  The  actual  value  of  this  correction  term  in  existing  data 
ranges  from  about  +  0.02  to  +  0.12  and  is  random  in  both  size  and  direction 
over  the  frequency  spectrum.  Thus  the  influence  of  mixture  ratio  on  solu¬ 
tions  of  the  present  combustion  chamber  equation  is  definitely  of  secondary 
importance.  However,  as  yet  no  evaluation  has  been  made  to  determine  whether 
these  small  changes  in  mixture  can  appreciably'  alter  the  form  of  the  time  lag 
and  gas  residence  terms  contributing  to  the  chamber  response  and,  hence,  the 
measured  values  of  transfer  function  parameters.  For  this  purpose  a  large 
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number  of  test  data  have  been  selected  with  mixture  ratio  variations  both 
within  and  slightly  exceeding  the  prescribed  limits,  and  plots  have  been 
constructed  of  variations  in  R  and  ^  with  steady  state  as  well,  as  fractional 
mixture  ratio*  The  behavior-  of  these  plots  appears  to  be  completely  random, 
and  one  may  conclude  that  within  the  small  range  of  mixtures  considered  accept¬ 
able  for  calculation  purposes,  there  is  no  evident  first  order  correlation  be¬ 
tween  transfer  function  and  mixture  ratio  scattering# 

Having  observed  the  behavior  of  the  combustion  chamber  equation 
over  the  range  of  modulating  frequency  and  having  determined  the  relative 
inportance  of  the  various  terms  therein,  one  may  now  proceed  to  direct  cal¬ 
culation  of  the  aforementioned  average  values  of  all  four  time  lag  parameters 
by  simultaneous  solutions  of  the  equation  at  two  discrete  frequencies#  For 
this  purpose  the  complete  equation  is  re-written  in  a  simplified  functional 


where* 


-  velocity  distribution  correction 

3 

Q(uS)  =  -  velocity  distribution  correction 

e  fa  a,  r,r)  =  *  3j 


—  mixture  ratio  correction 


-  0-^5) 

1  **/  ~  €  =  secondary  gas  residence  contribution  * 


If  one  now  writes  Equation  185  at  each  of  two  separate  frequencies, 
cO f  and  ,  transposes  terms,  and  forms  the  ratio  of  the  two  equations. 
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then,  assuming  all  time  lag  parameters  independent  of  frequency,  the  inter¬ 
action  index  is  eliminated,  and  one  obtains  the  following  single  complex 
equation  in  three  unknowns; 

(186) 

FYom  previous  reasoning  the  order  of  magnitude  of  the  sensitive  time 

4  * 

lag  is  expected  to  be  approximately  0.2  milliseconds]  hence,  the  angle  cO Z? 
is  at  most  of  the  order  0,3.  As  a  first  approximation,  then,  the  exponen¬ 
tial  term  may  be  expressed  ass  ,  _ vt 

=  /~Lu>  F-  cfMz) 

and  the  right  hand  side  of  Equation  186  becomes t 

Defining  a  frequency  ratio  k  =  and  combining  terms,  one  obtains, 

as  a  first  approximate  form  of  equation,  the  following; 


(187) 


which  is  considerably  simplified  over  186  by  the  disappearance  of  the  term 
f(9g+£i)  as  a  result  of  the  approximation  of  the  right-hand  side  ex¬ 
ponential  ratio.  Nevertheless,  the  unknown  still  exists  in  the  left- 
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hand  side  of  the  equation  as  a  part  of  the  expression  C defined 
following  185.  An  order  of  magnitude  analysis  in  the  discussion  proceeding 
this  derivation  has  shown  that  a  normal  value  of  this  function  is  about 
0.05,  which  is  of  the  order  of  terms  neglected  in  the  approximation  of  the 
exponentials.  Thus,  to  the  same  order  of  accuracy,  one  may  assumes 

C/  ■  fi*  • 

It  has  also  been  pointed  out  previously  that  the  term  Qfaj),  the  cubic 
velocity  correction  term  is  always  less  than  0.01  and  may  therefore  reason¬ 
ably  be  neglected  in  this  simplified  analysis.  Introducing  these  approxima¬ 
tions  into  187.  one  obtains  a  much  simplified  form  of  the  original  equation 
as  follows* 


in  which  the  unknown  2^  occurs  only  on  the  left-hand  side,  and  the  second  un¬ 
known,  ^  ,  only  on  the  right.  In  principle,  this  complex  equation,  which 
can  be  separated,  into  real  and  imaginary  parts  to  form  two  equations  in  two 
unknowns,  can  be  solved  directly  for  both  unknowns.  Actually,  however,  the 
existence  of  multiple  angles  U),  ,  u)t *  and  u)t £ -  “4  i  % 

prevents  elimination  of  either  one  of  the  unknowns  from  the  two  equations, 
and  graphical  or  numerical  methods  of  solution  are  required.  Even  for  the 
judicious  selection  of  k  =  2  or  It,  in  which  the  double-angle  trigonometric 
relationships  may  be  used,  elimination  of  either  unknown  requires  two  suc¬ 
cessive  squaring  operations,  resulting  in  a  fourth-order  trigonometric 
equation  which  again  can  be  solved  only  by  numerical  or  graphical  methods. 
The  choice  of  frequency  ratio  k  is  therefore  arbitrary  and  is  based  solely 
upon  the  reliability  of  transfer  function  values  at  the  points  in  question. 

Such  graphical  solutions  of  Equation  188  have  been  attempted 
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for  all  three  chamber  pressures,  and  typical  results  are  shown  in  Figures  73 
and  7U*  For  ease  of  calculation  of  the  rather  complex  functions the 
multiplying  constant  of  the  term  containing  these  functions  is  normalized  to 
a  value  of  1.0  by  multiplying  all  terms  by  the  quantity  The  left 

and  right  sides  of  the  resulting  equation  are  then  treated  as  individual  com¬ 
plex  vectors,  and  their  real  and  imaginary  parts  are  computed  from  the  avail¬ 
able  and  data  at  the  chosen  frequency  points  for  a  series  of  trial 
values  of  and  ^  .  The  end  points  of  the  vectors  representing  the  two 
sides  of  the  equation  then  form  two  curves  which  proceed  in  the  directions 
indicated  for  increasing  and  «  Only  positive  values  of  these  two 

parameters  have  been  chosen  for  plotting  purposes,  since  negative  time  lags 
or  gas  residence  times  are  not  physically  possible.  Two  such  graphical  pre¬ 
sentations  are  constructed  at  each  chamber  pressure  with  a  single  value  of 
,  and  and  two  different  choices  of  ,  /&,  ,  cdf  ,  and, 
hence,  fa  .  In  all  cases  actual  calculated  values  of  the  transfer  function 
parameters  were  employed  rather  than  average  quantities  from  a  smooth  curve 
distribution.  The  existence  of  solutions  to  Equation  188  is  shown  on  the 
graphical  construction  as  intersections  between  the  two  curves,  and  in  five 
of  the  six  cases  attempted,  no  intersection  existed,  as  is  seen  for  one  such 
plot  in  Figure  73.  The  single  case  providing  a  solution  is  one  of  the  two 
chosen  from  600  psia  chamber  pressure  data  and  is  shown  in  Figure  lk»  The 
intersection  is  seen  to  occur  for  a  value  of  of  1.05  milliseconds  and  for 
a  2^.  value  of  approximately  0.1  milliseconds,  which  is  very  nearly  the  value 
chosen  from  the  asymptotic  extrapolation  of  the  second  stage  results  in  the 
original  calculation  method. 

One  is  hardly  justified  in  drawing  any  general  conclusions  con¬ 
cerning  the  existence  of  real  solutions  for  time  lag  parameters  on  the  basis 
of  such  a  very  rough  approximation  to  the  full  combustion  chamber  equation. 
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Therefore,  a  second  iteration  in  the  graphical  process  is  performed  by  in¬ 
clusion  of  the  mixture  ratio  and  gas  residence  time  function 
the  left  side  of  the  equation.  Since  the  correct  value  of  6^  is  not  known 
until  solutions  are  actually  obtained,  it  suffices  to  choose  trial  values 
of  this  parameter  and  calculate  the  correction  to  the  left  side  for  each  of 
these.  The  values  chosen  cover  the  range  of  realistic  magnitudes  from  zero 
to  two  milliseconds,  and  the  revised  curves  including  these  correction  terms 
are  illustrated  in  Figure  ?5  for  the  aforementioned  single  case  in  which  a 
solution  to  the  uncorrected  equation  exists.  In  this  figure  the  curves  have 
been  expanded  in  the  neighborhood  of  possible  solutions,  but  comparison  of 
the  values  of^  at  the  points  of  intersection  with  those  corresponding  to  the 
corrected  curves  of  the  left  side  of  the  equation  shows  that  agreement  be¬ 
tween  these  two  values  cannot  be  reached  within  the  positive  portions  of  the 
curves]  hence,  no  solution  to  this  corrected  form  of  the  equation  is  possible 
in  the  only  case  which  provided  an  uncorrected  intersection.  Similar  calcula¬ 
tions  performed  on  each  of  the  other  cases  at  values  of  equal  to  zero  and 
two  milliseconds  show  that  the  inclusion  of  these  corrections  in  all  cases 
shifts  the  curves  of  the  left  side  even  farther  from  an  intersection.  Thus, 
no  solutions  at  all  exist  to  this  second-approximation  form  of  the  equation. 

The  next  logical  step  is  a  third  iteration  based  on  a  correction 
to  the  exponential  ratio  on  the  right  side  of  Equation  186.  Consideration  of 
second  order  terms  in  the  series  expansion  of  this  expression  produces: 


where: 


(j  s  (*£)_  y 


/ 


and  the  third  approximation  to  the  exact  equation  has  the  form: 

= +‘ t^-x -  ln)  &£)■ -(Bfjfcf-fr+LM] 


(18?) 


One  notes  that  departure  of  the  exponential  fraction  from  its 
original  representation  as  a  simple  frequency  ratio  introduces  an  additional 
complication  to  the  graphical  solution  in  the  form  of  a  linear  term  in 
on  the  right  side  of  the  equation.  The  effect  of  this  term  on  the  behavior 
of  the  curves  is  clearly  shown  in  Figures  76  and  77,  where  the  left  side  is 
again  presented  for  trial  Rvalues  of  zero  and  two  milliseconds,  respectively. 
The  size  of  the  complex  correction  ( X  V-t*/  )  is,  of  course,  directly  depend¬ 
ent  upon  the  trial  values  chosen  for  the  sensitive  time  lag  ?  in  computing 
this  correction.  The  three  sets  of  curves  presented  for  each  ^  value  are 
calculated  for  choices  of  F  of  0.1,  0.5,  and  1.0  milliseconds.  One  observes 
that  an  increase  in  the  value  of  ijf  ,  and  hence  in  the  importance  of  the  cor¬ 
rection  term,  increases  the  distance  between  the  curves  representing  the  two 
sides  of  the  equation,  thereby  shifting  them  even  further  from  a  possible 
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The  results  of  one  further  investigation  into  the  possibilities 


of  graphical  solutions  are  presented  in  Figures  78  and  79.  As  has  been 
pointed  out  previously,  calculations  of  all  four  time  lag  parameters  are 
extremely  sensitive  to  the  values  of  the  transfer  function  parameters  /€ 
and  ft  ,  and  the  figures  illustrate  graphically  the  very  important  effects 
of  changes  in  these  quantities.  In  Figure  78,  the  magnitude  of  R-L  is  varied 
from  1.0  to  1,25  around  its  experimental  value  of  lo036,  with  the  value  of 
j&i  fixed  at  its  experimental  value  of  38.1  degrees.  Although  no  inter- 


liil. 


sections  exist  in  this  case  for  the  uncorrected  curves  presented,  the  obvious 
importance  of  R^  is  shown  by  the  large  shift  in  the  position  of  the  curves 
for  relatively  small  changes  in  this  quantity.  Similarly,  the  phase  angle 
is  varied  from  35  to  kS  degrees  at  fixed  value  of  R-^  =  1,086  in  Figure  79. 
Again  the  existence  of  an  intersection  is  heavily  dependent  upon  the  size  of 
this  transfer  function  parameter,  and  it  is  seen  that  a  solution  appears  pos¬ 
sible  in  the  uncorrected  case  for  a  value  of  ft,  in  the  neighborhood  of  35 
degrees.  Although  this  is  not  the  measured  value  of  the  possibility  of 
obtaining  a  real  solution  is  deemed  interesting  enough  to  warrant  the  applica¬ 
tion  of  correction  terms  to  this  particular  case.  These  corrected  ourves 
for  -  0  and  2o0  milliseconds  and  for  ?  =  0  and  0.1  milliseconds  are 
shown  finally  in  Figure  80,  where  it  is  observed  that  an  intersection  appears 
possible  for  R-j_  =  1.086  and ,&/  -  35°,  with  resulting  approximate  values  at  the 
intersection  of  ^—1,5  milliseconds,  0.1  milliseconds,  and  2?  ~  0.05 

milliseconds.  The  fact  that  a  realistic  solution  can  be  reached  with  only 
small  changes  in  the  angle  j&j  suggests  that  the  choice  of  a  very  low  fre¬ 
quency  point  as  one  of  the  two  for  this  calculation  scheme  may  be  an  unfortu¬ 
nate  one  because  of  the  extreme  sensitivity  of  the  computations  to  transfer 
function  quantities  in  this  frequency  range. 


Conclusions 

The  foregoing  discussion  of  experimental  results  and  initial  in¬ 
vestigations  into  the  possibilities  of  alternate  calculation  schemes  leads 
one  to  certain  obvious  conclusions  concerning  the  validity  of  results  presen¬ 
ted,  the  applicability  of  various  calculation  procedures,  and  the  require¬ 
ments  for  any  more  detailed  future  research. 

Mechanical  balance  and  lubrication  problems  of  reciprocating  or 
eccentric  rotating  machinery  severely  limit  the  possible  range  of  modulating 
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.frequency,  and  one  cannot  expect  to  extend  this  frequency  much  beyond  its 
present  scope  with  any  reasonable  modifications  of  existing  equipment  or  with 
any  practical  alternate  design  of  equipment  at  the  existing  scale.  Then, 
since  the  two-stage  asymptotic  calculation  procedure  outlined  herein  demands 
an  order  of  magnitude  increase  in  modulating  frequency  before  it  can  be 
legitimately  applied  and  its  results  be  extrapolated  with  any  degree  of  con¬ 
fidence,  it  is  apparent  that  one  must  abandon  this  method  of  analysis  in 
favor  of  one  which  can  better  express  the  relationships  of  the  theoretical 
model  within  the  present  frequency  range.  With  the  insight  into  the  be¬ 
havior  of  the  equation  gained  from  the  above  preliminary  attempt  at  alterna¬ 
tive  solutions,  one  may  conclude  that  the  most  promising  method  appears  to  be 
a  detailed  statistical  analysis  of  the  transfer  function  data  with  an  eye  toward 
correlation  of  the  scatter  in  these  data  with  variations  in  rocket  motor  oper¬ 
ating  conditions  heretofore  neglected,  and  the  application  of  a  least  squares 
form  of  data  reduction  process  to  these  correlated  quantities  to  obtain  the 
best  possible  values  of  four  time  lag  parameters  from  two  simultaneous 
equations.  This  least  squares  analysis  might  well  take  the  form  of  a  modi¬ 
fication  of  the  Iterative  "two-point"  calculation  procedure  as  presented 
above  but  applied  to  a  series  of  pairs  of  points  along  the  complete  modulating 
frequency  spectrum  of  the  transfer  function  curves. 

No  matter  what  choice  of  calculation  method  is  made,  the  evidence 
presented  herein  makes  obvious  the  need  for  reliable  transfer  function  data 
over  the  full  scope  of  possible  frequencies,  not  merely  over  short  inter¬ 
vals  at  a  few  discrete  points  on  the  curve.  Thus,  in  the  two-point  method 
discussed,  the  sensitivity  of  calculations  to  small  changes  in  low  frequency 
points  suggests  that  similar  computations  should  be  performed  with  middle 
frequency  quantities  if  the  results  are  to  be  treated  with  any  degree  of  con¬ 
fidence.  Furthermore,  the  values  obtained  by  any  statistical  means  must  be 
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treated  as  averages  and  should  therefore  be  computed  over  the  full  range  of 
the  independent  variable,  in  this  case  modulating  frequency.  Also,  as  has 
been  pointed  out,  the  only  valid  check  of  the  theoretical  model's  represen¬ 
tation  of  time  lag  parameters  as  linearized  functions  of  the  form  described 
in  deriving  the  combustion  chamber  equation  is  an  observation  of  the  con¬ 
stancy  —  or  departure  therefrom  —  of  these  parameters  over  the  full  fre¬ 
quency  range. 

This  requirement  of  full  frequency  data  suggests  a  number  of 
experimental  modifications  and  supporting  analyses.  Chief  among  these  is  the 
need  for  a  detailed  investigation  of  the  interaction  phenomenon  between 
pulsating  flow  within  the  feed  system  and  the  two-phase  vapor-liquid  con¬ 
dition  produced  by  the  presence  of  cavitating  venturis  in  the  propellant 
lines.  The  aim  of  such  an  oialysis  is  to  either  completely  eliminate  this 
interaction  or  to  alter  the  design  of  the  system  in  such  a  way  as  to  shift 
the  resonant  frequency  range  of  the  modulating  unit  -  venturi  combination  outside 
the  limits  available  from  existing  equipment.  A  straightforward  one-dimen¬ 
sional  analysis  of  these  quasi-steady  flow  oscillations,  accompanied  by 
realtively  simple  experimental  observations  with  a  liquid  of  known  vapor 
pressure,  density,  and  elastic  properties,  might  be  expected  to  yield  suf¬ 
ficient  insight  into  physical  conditions  within  the  present  feed  system  to 
accomplish  the  desired  aim  through  design  changes  of  minimum  complexity.  In 
addition  to  the  resonance  problems,  which  are  of  primary  concern  only  in  the 
middle  frequency  area,  one  must  also  attempt  to  improve  the  accuracy  and  re¬ 
peatability  of  data  points  in  the  low  frequency  range»  The  first  step  in  this 
regard  should  logically  consist  of  increased  efforts  to  obtain  appreciably 
higher  slgnal-to°noise  ratios  for  pressure  pickup  responses  to  flow  modulations, 
and  such  increases  are  most  likely  to  be  the  result  of  improved  electrical 
shielding  and  isolation  from  "noise"  disturbances  throughout  the  entire 
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transducing,  transmitting,  amplifying,  and  recording  system,  Che  must  also 
examine  the  response  time  characteristics  of  all  data  reduction  instruments 
in  this  lower  frequency  range  to  ascertain  whether  corresponding  times  of 
readings  on  amplitude  and  phase  playback  records  are  actually  comparable  with 
regard  to  the  instant  at  which  the  original  phenomena  occurred.  Thus,  if  the 
response  times  of  the  two  playback  systems  were  widely  different  and  if 
either  one  was  of  appreciable  length,  as  may  be  the  case  with  the  servo- 
operated  phase  recorder,  the  return  to  electrical  equilibrium  following  a 
small  change  in  rocket  operating  conditions  might  appear  at  a  muoh  different 
time  on  the  phase  playback  record  than  on  the  amplitude,  even  though  both 
original  signals  were  faithfully  recorded  on  the  magnetic  tape.  Since  the 
production  of  a  step  function  or  other  known  change  in  phase  of  a  pre-deter- 
mined  size  and  at  a  fixed,  pre-selected  frequency  is  not  a  straightforward 
matter  with  the  relatively  poor  quality  of  existing  phase  measuring  standards, 
this  response  determination  is  considerably  more  involved  than  might  appear 
at  first  glance.  An  interesting  alternative  suggested  by  Crocco  consists  of 
obtaining  average  phase  and  amplitudes  over  a  short  time  span  by  continuously 
‘replaying  a  single  short  loop  of  the  magnetic  tape  occurring  at  any  desired 
point  during  a  run.  Such  continuous  playback  would  obviate  the  need  for  any 
response  determination. 

Although  these  changes  in  amplitude  and  phase  relationships 
during  playback  are  of  greatest  importance  at  low  frequencies,  they  neverthe¬ 
less  appear  in  varying  degrees  at  all  frequencies  and  may  therefore  reflect 
actual  changes  in  pulsing  flow  conditions  and  their  ensuing  chamber  responses 
during  starting  transients  and  at  early  reading  times  within  runs.  It  is 
therefore  very  important  to  determine  that  flow  and  combustion  equilibrium 
conditions  have  been  reached  at  a  time  before  data  observations  are  made,  or 
the  calculations  of  transfer  function  parameters  cannot  be  expected  to  be 
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repeatable  over  a  number  of  runa,  at  any  fixed  frequency.  Establishment  of  this 
equilibrium  condition  at  the  earliest  possible  moment  in  the  present  limited- 
duration  rocket  runs  is  thus  essential,,  The  good  repeatability  of  steady  state 
data  presented  herein  for  a  large  number  of  runs  indicates  clearly  that  these 
values  of  chamber  pressure,  flow  rates,  and  thrust  are  reached  sufficiently 
early  to  guarantee  the  existence  of  equilibrium  in  average  conditions  at  all 

reading  times.  Hence,  one  need  concern  himself  only  with  the  problem  of 

\ 

achieving  similar  constancy  of  fluctuations  in  the  two  propellant  flow  rates 
at  the  prescribed  values  necessary  to  produce  constant  instantaneous  mixture 
ratio,  with  the  expectation  that  these  conditions  will  result  in  more  nearly 
constant  amplitude  and  phase  measurements.  In  the  existing  flow  modulating 
unit,  the  creation  of  small  flow  leakage,  particularly  in  the  very  low  tem¬ 
perature  liquid  oxygen  feed  system,  because  of  frictional  wear  of  the  Bliding 
seals  on  the  piston,  causes  a  gradual  changs  in  capacitance  of  the  system 
which  often  fails  to  reach  an  equilibrium  condition  within  the  run  duration. 
This  capacitance  change  cannot  be  controlled  or  compensated  for  during 
running  and  results  in  data  of  questionable  value  because  of  the  inevitable 
variation  in  amplitude  and  phase  and,  consequently,  mixture  ratio.  For  this 
reason  the  major  modifications  in  equipment  presently  planned  for  additional, 
experimental  tests  center  around  the  design  of  a  flow  modulating  unit  with 
improved  piston  seals  and  with  servo-controlled  piston  stroke  and  phase  rela¬ 
tionships.  It  is  expected  that  such  a  design  will  be  capable  of  varying  the 
amplitude  of  oscillations  in  one  propellant  line  and  the  phase  angle  between 
the  two  propellants  in  a  continuous  fashion  during  rockeb  runs  so  as  to  pro¬ 
duce  very  nearly  constant  values  of  these  parameters,  resulting  in  an  order 
of  magnitude  smaller  perturbations  of  instantaneous  mixture  ratio. 

Notwithstanding  the  obvious  shortcomings  of  the  two-stage,  asymptotic 
calculations  procedure  and  the  inability  of  present  equipment  to  produce 
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reliable  results  over  the  full  frequency  range,  the  general  experimental  method 
for  determining  combustion  chamber  response  and  its  associated  transfer 
function  parameters  is  seen  to  be  a  realtively  simple  and  definitely  practical 
one,  The  order  of  magnitude  of  present  results  for  these  paramters  and  the 
general  shape  of  the  curves  describing  their  variation  with  frequency  are 
shown  to  be  valid  merely  by  the  existence  of  solutions  for  the  time  lag  para¬ 
meters  from  the  approximate  equation  applied  over  the  entire  frequency  range. 
Although  sensitivity  of  the  final  calculations  to  low  frequency  data  scatter¬ 
ing  and  unfortunate  resonance  problems  in  the  middle  frequency  interval  pre¬ 
vent  one  from  obtaining  adequate  verification  of  the  validity  of  the  theoreti¬ 
cal  model's  representation  of  time  lag  parameters,  it  is  seen  that  the  experi¬ 
mental  techniques  for  producing  near-sinusoidal  flow  oscillations,  the  trans¬ 
ducing,  recording,  and  playback  instrumentation  for  measureing  these  oscilla¬ 
tions,  and  the  methods  for  reducing  these  primary  measurements  to  the  form  of 
useful  transfer  function  parameters  are  all  valid  procedures  capable  of 
supplying  data  of  sufficient  accuracy  in  the  present  scale  of  operation  to 
warrant  at  least  preliminary  time  lag  parameter  computations.  Also,  it  is 
apparent  that  with  only  minor  modifications  in  analytical  methods  and  labora¬ 
tory  equipment,  satisfactory  results  may  be  obtained  for  the  final  time  lag 
quantities  to  justify  their  use  in  a  critical  examination  of  the  simplified 
representations  of  the  theoretical  model. 

The  calculation  of  transfer  function  parameters  as  an  intermediate 
step  in  the  overall  determination  of  the  more  involved  time  lag  phenomena 
offers  an  additional  advantage  in  its  range  of  applicability,  for  no  matter 
how  accurately  the  proposed  theoretical  model  describes  the  actual  complex 
combustion  process,  these  transfer  function  data  still  represent  reliable 
and  useful  experimental  information  to  any  rocket  design  engineer.  Whether 
his  problem  be  one  of  combustion  chamber  instability,  feed  system  oscillations. 
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propellant  .line  pressure  fluctuations,  mechanical  structural  vibrations, 
chamber  and  system  recovery  times  after  sharp  changes  in  flow,  analysis  of 
servo  controls  in  feed  lines,  or  merely  determination  of  starting  and  shut¬ 
down  transients,  the  engiheer  must  determine  the  response  characteristics 
of  the  chamber-injector  configurations  and  the  techniques  described  herein 
offer  a  practical,  straightforward  method  for  obtaining  linearized  transfer 
function  data  for  just  such  applications. 
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TABLE  I 


REFERENCE  DATA  FOR  DROPLET  DIAMETER  DETERMINATION 


SOURCE 

OF  DATA 

AND 

REFERENCE  NO. 

ORIFICE 

DIAM. 

(IN.) 

INJECTOR 

. (psi) 

-p* 

(LBS/FT 3) 

MEAN 
DROPLET 
,  DIAM. 
(MICRONS) 

Schmidt  (1*0  ) 

.018 

75 

62,1* 

.0198 

73.2 

Schmidt  (1*0  ) 

.018 

100 

62,1* 

.0229 

49.8 

Schmidt  (1*0  ) 

.018 

125 

62.1* 

.0256 

46.5 

Lee  (39  } 

.028 

1730 

54.7 

.1576 

24.4 

Princeton 

Injector 

.035 

ai*o 

62,1 

.0531; 

(28) 

Princeton 

Inj  ector 

.01*2 

11*0 

62.0 

.0643 

(30) 

Princeton 

Injector 

.052 

il*o 

61.9 

.0795 

(32) 

™-4S’»-.ssy^ '.%  ».ife w»w>/«W!--  -  -  - 


TABLE  II  -  A 

STEADY  STATE  DATA  FUR  300-PSI  OPEiATING  LEVEL 


RUN 

TIME . 

OF 

Pc 

£ 

£ 

THRUST 

^ TOTAL 

7  £ 

r  =  p 

CALC. 

CALC. 

NO. 

READING 

(PSIA) 

(PSIA) 

(PSIA) 

(LbS) 

(LBS/SEC) 

(BY 

~Tc 

% 

(SECS) 

VvT. ) 

(OR) 

(FT/SEC) 

A-177 

6.15 

270 

376 

338 

215 

0.99U 

1.389 

5108 

207 

A-187 

11.80 

279 

377 

31*6 

211* 

1.021 

1.305 

501*3 

205 

A- 109 

6.20 

279 

377 

31*8 

220 

1.006 

1.329 

5233 

202 

A- 189 

8.20 

279 

377 

31*8 

220 

1.015 

1.350 

5171 

201* 

A- 2  01 

8.65 

275 

366 

31*5 

218 

1.003 

.1.271* 

5023 

203 

A-201 

10.80 

275 

366 

31*5 

218 

1.003 

1.271* 

5023 

203 

A-328 

6,60 

298 

1*77 

1*22 

250 

1.091 

1.282 

5232 

201* 

A-328 

8.90 

298 

1*77 

1*22 

250 

1.083 

1.280 

5307 

203 

A-330 

6.10 

303 

1*97 

1*22 

21*1* 

1.122 

1.291* 

5351 

207 

A-330 

8.35 

303 

1*97 

1*22 

21*5 

1.121* 

1.289 

5112 

207 

A-3U9 

11.20 

3014 

513 

1*56 

21*7 

1.111 

1.319 

5077 

205 

A-352 

10.62 

306 

510 

1*1*7 

251* 

1.099 

1.303 

5233 

201 

A-380 

6.70 

310 

502 

1*59 

250 

1.120 

1.369 

5518 

203 

A-30O 

8.80 

308 

500 

1*59 

250 

1.120 

1.359 

51*1*1* 

205 

A- 3  80 

10.90 

310 

1*98 

1*59 

251 

1,116 

1.31*9 

5525 

202 

A-385 

6.20 

308 

1*95 

1*1*1* 

255 

1.103 

1.311 

5529 

200 

A- 3  85 

8.30 

308 

1*95 

1*1*1* 

255 

1.109 

1.323 

51*91 

202 

A-385 

10,50 

303 

1*85 

1*39 

255 

1.103 

.1.320 

5358 

201* 

A-388 

7.50 

313 

1*73 

1*1*8 

251 

1.109 

1.31*5 

5697 

1 99 

A-388 

9.50 

311* 

1*71* 

1*1*9 

252 

1, 112 

1.339 

5691* 

1 99 

A-388 

11.50 

312 

1*73 

1*1*8 

22*9 

1,110 

1.335 

5635 

200 

A-392 

7.18 

308 

1*85 

1*14* 

853 

1.127 

1.31*2 

531*8 

206 

A-392 

9.21 

308 

1*85 

1*1*1* 

252 

1,129 

1.336 

5320 

206 

A-392 

11.30 

303 

1*76 

1*39 

21*8 

1,121 

1.329 

5216 

219 

A-399 

6.35 

308 

510 

1*56 

256 

1.113 

1.314* 

51*88 

203 

A-399 

8.50 

308 

510 

1*57 

257 

1.113 

1.31*1* 

51*88 

203 

A-399 

10.60 

308 

1*99 

1*59 

258 

1.119 

1.357 

51*1*6 

206 

TABLE  II  -  B 


STEADY  STATE  DATA  EUR  450-PSI  OPERATING  LEVEL 


RUN 

NO. 

.  TIME 

OF 

READING 

(SECS) 

TL 

(PSIA) 

z 

(PSIA) 

% 

(PSIA) 

THRUST 

(LBS) 

TOTAL 

(LBS/SEC) 

O 

(BYr 

WT.) 

GAl/C  • 

-75 

(-511) 

CALC. 

w./ 

jri/SEO) 

A-231 

4.39 

389 

532 

515  ' 

341 

1.467 

1.132 

4664 

203 

A-259 

7.18 

401 

557 

522 

352 

1.566 

1.351 

4701 

221 

A-259 

9182 

406 

557 

522 

353 

1.564 

1.355 

4817 

218 

A-260 

7.20 

423 

567 

532 

370 

1.564  ■ 

1.345 

5213 

209 

A-260 

9.87 

435 

567 

532 

370 

1.561 

1.340 

5030 

212 

A-263 

6.91 

422 

547 

522 

358 

1.553 

1.331 

5238 

209 

A- 263 

9.56 

401 

547 

522 

358 

1.551 

1.336 

4768 

218 

A-273 

5.92 

400 

522 

509 

293 

1.502 

1.297 

4994 

211 

A-273 

8.52 

400 

522 

509 

316 

1.494 

1.295 

5045 

210 

A-27U 

7.31 

400 

537 

514 

342 

1.475 

1.323 

5262 

208 

A-27U 

9.62 

400 

537 

514 

342 

1.473 

1.327 

5244 

200 

A-302 

5.82 

413 

547 

523 

351 

1.456 

1.186 

5449 

193 

a-U4o 

6.92 

430 

581 

540 

385 

1.562 

1.351 

5433 

205 

A-UiiO 

8.JU2 

430 

581 

540 

385 

1.560 

1.348 

5440 

206 

A-UUO 

9.9  2 

430 

581 

540 

385 

1.558 

1.345 

5428 

205 

A-U42 

6.00 

435 

586 

557 

391 

1.598 

1.367 

5339 

208 

A-U42 

8.00 

435 

586 

557 

391 

1.600 

1.370 

5330 

208 

A-442 

10.00 

435 

586 

557 

391 

1.601 

1.371 

5324 

208 

A-449 

6.85 

435 

581 

547 

387 

1.603 

1.371 

53H 

209 

A-449 

8.35 

.435 

581 

547 

387 

1.603 

1.371 

53H 

209 

A-449 

9.85 

435 

581 

547 

386 

1.603 

1.371 

5311 

209 

A— U69 

6.02 

433 

597 

567 

388 

1.605 

1.340 

5215 

209 

A-U69 

8.10 

429 

587 

565 

390 

1.611 

1.335 

5057 

212 

A-U6  9 

10.20 

437 

592 

567 

390 

1.608 

1.327 

5252 

208 

A— U72 

5.90 

434 

597 

562 

386 

1.606 

1.358 

5251 

209 

A-JU72 

8,00 

434 

602 

565 

387 

1.605 

1,360 

5256 

209 

A-474 

7.25 

422 

609 

557 

375 

1.627 

1.358 

4833 

218 

A-474 

9.35 

423 

609 

557 

376 

1.618 

1.383 

4946 

217 

A-474 

11.45 

423 

609 

557 

376 

1.618 

1.383 

4946 

217 

A-475 

8.5o 

433 

6l4 

564 

390 

1.602 

1.349 

5235 

215 

A-475 

10,50 

433 

6l4 

564 

391 

1.602 

1.342 

5125 

205 

A-479 

8.70 

428 

617 

557 

378 

1.627 

1.331 

4929 

214 

A-b79 

10,90 

428 

617 

557 

379 

1.624 

1.343 

4962 

214 

TABLE  II  -  C 


STEADY  STATE  DATA  FOR  600-PSI  OPERATING  LEVEL 


RUN 

OF 

n 

% 

THRUST 

^  TOTAL 

CALC. 

CALC. 

NO. 

READINQ 

(PSIA) 

(PSIA) 

(PSIA) 

(LBS) 

(LBS/SEC) 

(BY 

-7c 

E, 

(SECS) 

WT.) 

W 

(FT/SEC) 

A-l+11 

8.36 

622 

770 

71+1+ 

551 

2.233 

1.351 

5575 

201* 

A-l*ll 

9.00 

601 

773 

71*7 

552 

2.233 

1.333 

5175 

211 

A-l*19 

it. 90 

586 

725 

705 

51*5 

2.235 

1.365 

1*91+8 

218 

A-U20 

5.io 

586 

717 

709 

531 

2.229 

1.368 

1*993 

216 

A-l*20 

7.23 

597 

732 

709 

532 

2.22? 

1.362 

5172 

212 

A-l*20 

9.1*0 

602 

732 

71L 

533 

2.229 

1.361* 

5263 

211 

A-i*32 

6.31 

57U 

727 

731* 

520 

2.220 

1.366 

1*826 

220 

A-i*32 

8.30 

583 

717 

721* 

521 

2.222 

1.368 

1*973 

217 

A-U32 

10.30 

579 

727 

719 

521 

2,221* 

1.365 

1*891 

218 

A-l*33 

8.85 

599 

727 

731* 

51*1 

2.216 

1.369 

1*516 

228 

A-U33 

10.50 

601 

730 

727 

538 

2.215 

1.365 

5335 

211 

A-U59 

5.95 

610 

808 

751* 

568 

2.233 

1.362 

5381 

208 

A-U59 

7.65 

610 

808 

751* 

569 

2.233 

1.362 

5381 

208 

A— l*6l 

5.30 

582 

762 

721* 

528 

2.231* 

1.352 

1*877 

218 

A-l*6l 

7.00 

581 

752 

7U* 

527 

2.231 

1.356 

1*879 

218 

A-J46I 

8.70 

581 

762 

721* 

527 

2.228 

1.31*8 

1*882 

218 

A-l*88 

6.72 

577 

728 

708 

528 

2.172 

1.382 

5H*0 

211* 

A-J488 

8.75 

589 

728 

708 

528 

2.179 

1.381 

5321 

211 

A-i*88 

9.90 

589 

728 

708 

528 

2.179 

1.381 

5321 

211 

A-l*89 

5.82 

572 

722 

707 

525 

2.183 

1.381 

1*999 

217 

A-JU89 

7.88 

582 

722 

707 

525 

2.185 

1.378 

5163 

21 1* 

A-l*89 

10.00 

582 

722 

707 

525 

2.185 

1.378 

5163 

211* 

TABLE  III 


SUMMARY  OF  AVERAGE  STEADY  STATE  PARAMETERS 


PRESSURE  DATA? 

1«  Rocket  oharaber  pressure,  (psia) 

2,  Fuel  injector  pressure,  (psia) 

3.  Oxygen  injector  pressure,  ya  (psia) 

Fuel  injector  pressure  drop,  (psi) 

5.  Oxygen  injector  pressure  drop,  (psi) 


NOMINAL  NuM£j*AL  NOMINAL 
%  Vc  % 
=300  =450  =600 

301  L23  590 

423  541  722 

462  574  741 

122  118  132 

161  151  151 


PROPELLANT  DATA: 


1. 

2. 

3 


Fuel  specific  gravity 
Fuel  flow  rate,  (ios/aec) 

Oxygen  flow  rate,  tiro  (ibs/sec) 

4,  Total  propellant  flow  rat_e,  4/y  (lbs/sec) 

5.  Mixture  ratio,  F  =  ‘"V'L*  ,  •>. 

6,  Mean  propellant  density,  (#/ft^) 

7.  Mean  injection  velocity,  (ft/sec) 


PERFORMANCE  DATA: 

1.  Rocket  motor  thrust,  F  (lbs) 

2.  Characteristic  exhaust  velocity, 

3.  Specific  Impulse,  (sec) 

4.  Thrust  coefficient,  Cp 

COMBUSTION  PARAMETERS: 


0 *  (ft/sec) 


1,  Combustion  chamber  temperature  7c  ( CF.  ) 

2,  Combustion  gas  density,  fa  (#/ft^) 

3,  Combustion  gas  molecular  weight, 

4»  Combustion  gas  viscosity,  (poises) 

5.  Mean  specific  heat  ratio,  JT 

6.  Chamber  sound  velocity,  Co  (ft/ sec)  .. 

7.  Temperature-mixture  ratio  slope  <*''c/cLR  (  & )  2362 

8.  Chamber  exit  gas  velocity,  S/ ,  (ft/sec)  2n)l* 


MOTOR  GEOMETRY: 


1,  Injector  orifice  diameter  (inches) 

2,  Nozzle  throat  diameter  (inches) 

3,  Combustion  chamber  length  (inches) 


1798 

.796 

.788 

.467 

.672 

.939 

.622 

.900 

1.276 

1.089 

1.572 

2.215 

1.33 

1.34 

1.36 

62.1 

62.0 

61.9 

105 

110 

101 

238.2 

368.7 

534.6 

5490 

5503 

5530 

218.7 

234.5 

241.4 

1.316 

1.417 

•1.473 

5450 

5515 

5625 

.1087 

.1526 

.2109 

21.25. 

21.22 

.  21.61 

43xl0“4 

6.48x10" 

•4  6.53x10' 

1.213 

1.211 

1,210 

3945 

3945 

3965 

i  2362 

2482 

2285 

204.0 

209.2 

211*.  3 

.035 

.042 

.052 

.875 

.885 

.885 

4.016 

4.016 

4.016 

TABLE  IV  -  A 


TRANSFER  FUNCTION  AND  MIXTURE  RATIO  RESULTS-300  PSIA 


RUN 

NO. 

TIME 

OF 

READING 
(SECS. ) 

MODU¬ 

LATING 

FREQUENCY 

(CPS) 

(DEGREES) 

(DEGREES) 

A-177 

6.15 

99.2 

2.1314  ' 

58.1 

1.002 

8.2 

A- 18  7 

11.80 

99.5 

2.031 

5U.5 

0.890 

1.2 

A-189 

6,20 

11*8.8 

2.857 

70.3 

1.061* 

-8.8 

A-189 

8.20 

11*8.8 

2.925 

70.0 

1.068 

-12.1* 

A-201 

8.65 

17U.5 

2.653 

76.2 

0.905 

8.1* 

A-201 

10.80 

1714.5 

2.561 

77.6 

0.923 

9.6 

A-328 

6.60 

65.5 

1.130 

37.1 

1.076 

0.1* 

A-328 

8.90 

65.5 

2.U2I4 

30.U 

0.861 

0.6 

A-330 

6.10 

65.5 

1.975 

18.5 

1.050 

-2.6 

A-330' 

8.35 

65.5 

2.739 

18.6 

1.019 

-2.3 

A-3U9 

11.20 

162.0 

1.21*1 

78.6 

0.956 

-9.8 

A-352 

10.62 

156.U 

1.116 

71.6 

1.091 

A-380 

6.70 

211.3 

1.857 

67.8 

0.963 

-l*.l* 

A-38O 

8.80 

211.3 

1.813 

67.5 

1.000 

-h.3 

A-380 

10.90 

211.3 

1.852 

67.7 

1.051* 

~1*.3 

A-385 

6.20 

219.0 

1.81*14 

72.6 

0.933 

-2.8 

A-385 

8.30 

219.0 

1.879 

72.8 

0.9U9 

-0.8 

A-385 

10.50 

219.3 

1.927 

72.7 

1.061 

0.6 

A-388 

7.50 

2U2.5 

2.OI46 

77.1 

0.931* 

-2.1 

A-388 

9.50 

2l|2.5 

2.015 

78.7 

0.951 

-l*.3 

A-388 

11.50 

21|2.7 

1.872 

79.3 

0.932 

-7.2 

A-392 

7.18 

21*3.0 

2.157 

82.1 

1.031 

2.9 

A-392 

9.21 

2142.7 

2.115 

83.5 

1.061* 

0.1* 

A-392 

11.30 

2li2.5 

2.IU4 

87.6 

1.090 

1.9 

A-399 

6.35 

2I4I.O 

2,222 

80.2 

0.902 

-8.9 

A-399 

8.50 

2I4I.O 

2.155 

77.3 

0.952 

-)*.6 

A-399 

10.60 

2I4I.O 

2.138 

77.9 

1.067 

2.7 

TAIUJi  IV  -  H 


TRANSFER  FUNCTION  AND  MIXTUliF  HATiu  RJ^ULTO-^'O  PSIA 


RUN 

NO. 

TIME 

OF 

READING 

(SACS.) 

MuDU- 

iiATING 

FUlyjUJiNCY 

(CPS) 

(DiiURfiliS) 

1  /to 

r-A-/ 

(DJiUKiiii 

A-231 

8.39 

236.5 

2.062 

53.3 

1.095 

-8.6 

A-259 

7.18 

158.8 

2.321 

85.8 

1.007 

0.3 

A-259 

9.82 

158.8 

2.517 

85.5 

1.026 

2.0 

A-260 

7.20 

150.2 

3.907 

38.7 

1.072 

-8.3 

A-260 

9.87 

150.8 

3.678 

31.3 

1.015 

-3.8 

A- 26  3 

6.91 

155.8 

3.521 

82.8 

0.979 

1.1 

A-263 

9.86 

155.8 

3.219 

82.9 

1.003 

8.6 

A-273 

8.92 

198.7 

1.783 

72.2 

0.927 

18.8 

A-273 

8.52 

199.1 

1.578 

67.8 

1.089 

1.7 

A-27U 

7.31 

198.9 

1.701 

68.7 

1.015 

10.0 

A-278 

9.62 

198.9 

1,696 

69.8 

1.013 

3.3 

A- 302 

5.02 

88,7 

3.996 

23.8 

1.131 

5.8 

A-880 

6.92 

288.8 

2.003 

75.1 

1.006 

-6.3 

A-880 

8.82 

288.8 

1.995 

75.6 

1.020 

-5.5 

A-UIvO 

9.92 

288.8 

2.039 

78.5 

1.001 

-8.2 

A-882 

6.00 

286.7 

2.039 

75.6 

1.079 

-2,6 

A-JUU2 

8.00 

286.7 

2.082 

75.0 

1.113 

-2.1 

A-882 

10.00 

286.7 

1.980 

68.7 

1.098 

-15.0 

A-8  89 

6.85 

221.1 

1.788 

76.7 

1.170 

6.9 

a-889 

0.35 

221.1 

1.690 

79.3 

1.273 

0.5 

A-889 

9.85 

221,1 

1,628 

7  8.9 

1.263 

2.5 

A-869 

6.02 

68,1 

O.96I 

37.9 

1,080 

3.0 

A-869 

8.10 

68.1 

0.911 

38.8 

1.082 

-2.6 

A-JU69 

10.20 

68.1 

1.008 

36.6 

1,061 

-8.8 

A-872 

5.90 

121.8 

1.356 

33.8 

1.092 

-1.3 

A-m 

8.00 

121.8 

1.389 

55.8 

1.016 

-1.5 

A-878 

7.25 

178.2 

1.765 

66.5 

0.987 

-7.7 

A-878 

9.35 

178.2 

1.723 

68.8 

0.915 

-7.8 

A-m 

11.85 

178.2 

1.715 

66,5 

0.958 

-5.8 

a-875 

0.50 

171.0 

1.630 

65.1 

0.980 

1.8 

A-875 

10,50 

171.0 

1.688 

65.0 

0.95  8 

1. 8 

A-879 

O.70 

178.6 

1.717 

65.2 

0.988 

-12.2 

A-h79 

10.90 

178.6 

1.710 

66.1 

0.975 

-ii,5 

TA&LE  IV  -  C 


TRANSFER  FUNCTION  AND  MIXTURE  RATIO  RESULTS-600  PSIA 


RUN 

Mo. 

— TIM — 

'  OF 

READING 

(SECS.) 

JSoEUl 

LATINO 

FREQUENCY 

(CPS) 

(DEGREES) 

(DEGREES) 

A-I4H 

8.36 

76.7 

1.171* 

61.2 

1.377 

*9.4 

A-itll 

9.00 

76.7 

1.032 

51.1* 

0.890 

10.7 

A-419 

4.90 

91.5 

1.107 

51.7 

0.852 

0.8 

A-420 

5.io 

93.2 

1.211* 

51*.  7 

1.339 

-8.5 

A-420 

7.23 

93.2 

1.199 

56.3 

1.127 

-9.4 

A-420 

9.40 

93.2 

1.199 

58.6 

1.191* 

-8.1* 

A-U32 

6.31 

205.6 

2.115 

79.9 

0.910 

-0.2 

A-432 

8.30 

205.8 

2.31*5 

81.8 

0.91*3 

-2.0 

A-432 

10.30 

205.8 

2.365 

81,2 

1.025 

-5,5 

A-433 

8.85 

221.3 

1.1*95 

81.3 

1.21*7 

-1.7 

A-433 

10.50 

221.3 

2.178 

77.9 

1.147 

-1.6 

A-459 

5.95 

21*6.0 

2.070 

77.6 

1.039 

1.9 

A -459 

7.65 

2 1*6,0 

2.008 

78.1 

1.071 

6.2 

A-U61 

5.30 

21*7.8 

2.327 

82.3 

1.001 

-10.4 

A-461 

7.oo 

21*7.6 

2.325 

82.1* 

1.068 

-7.7 

A-461 

8.70 

21*7.6 

1.991 

83.O 

1.093 

-7.9 

A-488 

6.72 

68,8 

0.973 

39.3 

1.102 

6,1 

A-488 

8.75 

68.8 

1.093 

1*2.8 

1.112 

8.7 

JUU88 

9.90 

68.8 

1.021* 

1*3.3 

1.166 

917 

A-489 

5.82 

67.8 

1.011 

37.5 

0.989 

3.8 

A-489 

7.88 

67.8 

1,086 

38.1 

0.965 

5.0 

A-489 

10,00 

67.8 

1.017 

36.2 

1.009 

6.8 

1 


_  TABLE  V 

SUMMARY  CF  AVERAGE  DATA  FOR  VELOCITY  CORRECTION  FACTORS 


INJECTOR  DATAt 

1*  Injector  orifice  diameter,  <Lb  (in.)  . 

2.  Average  propellant  density,  J.  (lba/ft^) 

3.  Average  injeotion  velocity,  ^  (ft/seo) 

DRAG  COEFFICIENT  DATA: 

1.  Mean  droplet  diameter,  df  (in.) 

2.  Average  combustion  gas  density,^  (Ibs/ft^) 
3*  Average  gaa  viscosity, (micro-poises) 

4.  Droplet  Reynolds'  number  at  inlet,  &ec 

5.  Drag  coefficient  proportionality  constant, 

6.  Non-dimensional  drag  coeffioient, k 

VELOCITY  DISTRIBUTION  CALCULATIONS!. 

Ik  Non-dimensional  chamber  exit  gas  velocity,  zZ, 

2.  Non-dimensional  exit  liquid  velocity,  TLgt 

3.  Non-dimensional  final  total  time  lag, ^ 

4.  Dimensionless  integral  X,  =  ^  K^x/iu 

5.  Dimensionless  integral  ~ *  %-(>() dt/fy 

CALCULATED  CORRECTION  FACTQRSt 

1.  Effective  burned  gas  residence  fraction,  $ 

2.  Gas  residence  correction  factor,  a. 

3*  Total  time  lag  correction  faotor, 

4.  Total  time  lag  correction  factor,  ^g 


% 

Pc. 

I 

=301 

“423 

«$90 

PSIA 

PSIA 

PSIA 

.035 

.042 

.052 

62.1 

62.0 

61.9 

105 

no 

101 

.0011 

.0012 

.0013 

.1087 

.1526 

.2109 

643 

648 

653 

24.2 

38.6 

52.4 

,  54.8 

66.5 

76.7 

.0289 

.0297 

.0295 

.0517 

.0530 

.0540 

.0348 

.0382 

.0411 

.39.97 

34.12 

29.92 

18.24 

15.52 

13.66 

490.7 

359.7 

279.3 

0.735 

0.835 

1.000 

2.42 

1.89 

1.48 

3.755 

1.617 

0.829 

0.480 

-0.414 

-0.807 

7 


TABLE  VI  -  A 


TIME  LAG  PARAMETER  CALCULATIONS  -  300  PSIA 


PROCEDURE  4}  ?RO(JEDURE  H 


RUN 

NO. 

MODU¬ 

LATING 

MIL?I- 

Zr 

MILLI- 

REAL 

IMAGI¬ 

REAL 

2 r 

IMAGI, 

Zr 

’  r 

FREQ. 

SECS, 

SECS 

■e 

NARY 

MILLI- 

MILLI- 

•  MILLI- 

n 

(CPS) 

/ 

SECS 

SECS 

SECS. 

A-177 

99.2 

2.861 

0.213 

1.589 

2.070 

-0.53 

0.56 

1.1+0 

-0.61+ 

A-187 

99.5 

2.1+52 

-0.061 

2.326 

1.377 

-0.35 

0.32 

2.75 

-0.28 

A-I89 

11+8.8 

3.238 

-O.O63 

1.008 

1.873 

-0.20 

0.1+8 

1.60 

-0.79 

A-189 

11+8.8 

3.1+09 

-0.131+ 

1.003 

1.1+31 

-0.36 

0.50 

1.75 

-0, 81+ 

A-201 

171+.5 

1.786 

0.312 

0.877 

0.1+61 

.  -0.37 

0.10 

-0.98 

0.22 

A-201 

171+.5 

1.719 

0.362 

0.81+8 

0.215 

-0.1+0 

1,3.0 

-1.79 

0.17 

A-328 

65.5 

1.196 

0.351 

3.161+ 

1.180 

-0.23 

0.13 

1.10 

0.32 

A-328 

65.5 

1+.888 

-1.381+ 

1+.029 

2.957 

0.06 

1.21+ 

6.56 

-0.57 

A-330 

65.5 

1+.551 

-1.601+ 

1+.251 

6.308 

0.50 

1.33 

-6.13 

-0.66 

A- 330 

65.5 

12.592 

-2.293 

1+.1+32 

5.086 

0.50 

3.1.6 

»— 

— - 

A-31+9 

162.0 

0.1+35 

0.668 

1.293 

1.727 

-0.27 

0.50 

0.99 

0.86 

A-352 

156.1+ 

0.203 

0.81+7 

0.938 

1.1+96 

-0.32 

0.53 

1.25 

0.82 

A-38O 

211.3 

0.921+ 

0.11+7 

0.835 

1.3.96 

-0.03 

0.21+ 

r0.23 

-3.1+1 

A-380 

211.3 

0.897 

0.255 

0.777 

1.255 

-0.03 

0.21+ 

-0,20 

t3.77 

A-38O 

211.3 

0.982 

0.11+7 

0.731+ 

1.089 

-0.03 

0.21 

-0.2  9 

-2.1+0 

A-385 

219.0 

0.813 

0.216 

0.803 

1.121+ 

-0.08 

0.28 

0.03 

---- 

A-385 

219.0 

0.81+2 

0.227 

0.751 

1.072 

-0.10 

0.25 

0.06 

— 

A-385 

219.3 

0.978 

0.228 

0.783 

1.021+ 

-o.n 

0.18 

0.00 

— 

A-388 

21+2.5 

0,865 

0.213 

0.678 

1.019 

-0.02 

0.21+ 

0.00 

— 

A-388 

21+2.5 

0.871+ 

0.221 

0,696 

1.092 

-o.n 

0.25 

0.00 

- - 

A-388 

21+2.7 

0.756 

0.231+ 

0.758 

1.171+ 

-0.10 

0.30 

0.01+ 

1.31+ 

A-392 

21+3.0 

0.987 

0.308 

0.732 

0.862 

-0,11 

0.16 

0.39 

A-392 

21+2.7 

1,011 

0,298 

0.777 

0.955 

-0,3.0 

0.16 

0.30 

1,66 

A-392 

21+2.5 

1.061 

0.321 

O',  901+ 

1.027 

-0.21+ 

0.13 

0.1+3 

1.10 

A-399 

21+1.0 

1.01+8 

0.2.63 

0.985 

1.01+3 

-0.10 

0.19 

-0.27 

-2.20 

A-399 

21+1.0 

0.992 

0.180 

0.753 

1.067 

-0.09 

0.19 

-0.18 

>3.1+7 

A-399 

21+1.0 

1.021+ 

0.21+7 

0.781+ 

0.871 

-0.31+ 

0.15 

0.06 

8.18 

TABLE  VI  -  B 


TIME  LAG  PARAMETER  CALCULATIONS  -  1*5°  PSIA 


PROCEDURE  #2 

REAL  IMAGE.  _ 

Z r  V 

MILLI-  MILLI-  MILLI-  n 
SECS.  SECS.  SECS. _ _ 


MODU- 
RUN  1ATING 
NO.  FREQ. 
(CPS) 


A-231 

236.5 

A-259 

15U.1* 

A-259 

151*.  1* 

A-260 

150.2 

A-260 

150.1* 

A-263 

155.1* 

A-263 

155.1* 

A-273 

198.7 

A-273 

199.1 

A-27U 

198.9 

A-271* 

198.9 

A-302 

81*. 7 

A— 1*1*0 

21*1*.  8 

A— 1*1*0 

21*1*. 8 

A— 1*1*0 

21*1*.  8 

A— 1*1*2 

21*6.7 

A— 1*1*2 

21*6.7 

A— 1*1*2 

21*6.7 

A-l*l*9 

221.1 

A-[*l*9 

221.1 

A— 1*1*9 

221.1 

A-I169 

68.1 

A-l*69 

68.1 

A- 1*69 

68.1 

A— 1*72 

121.1* 

A— 1*72 

121.i1 

A-l*7l* 

17l*.2 

A-l*7l* 

m.  2 

A— l*7l* 

171*.  2 

A-l*75 

171,0 

A-l*75 

171.0 

A— 1*79 

171**6 

A— 1*79 

171**6 

PROCEDURE  # 1 


a* 

MILLI- 

MILLI- 

SECS. 

SECS. 

1.330 

-0.08 

2.01*6 

-0.28 

2.358 

-0.32 

I*.  61*3 

-0.62 

U.159 

-0.73 

3.671* 

-0.60 

3.330 

-0.52 

1.037 

0.07 

0.71*2 

0.27 

0.958 

0.13 

0.800 

0.25 

9.81*9 

-1.78 

0.91*7 

0.16 

0.91)6 

0.17 

0.952 

0.16 

0.971* 

0.20 

0.995 

0.20 

0.992 

0,20 

0.817 

0.37 

0.873 

0.36 

0.873 

0.37 

0.282 

0.88 

1.035 

0.2? 

O.9I1U 

0.33 

1.127 

0.09 

1.012 

O.13 

1.03)* 

0.15 

0,897 

0,28 

0.888 

0,28 

1.158 

0.08 

1.116 

0,11 

REAL  IMAGI¬ 

NE  NAR3f 

T  £ 

0.81*3  0.958 

l.liiii  1.568 
1.101*  1.689 

1.117  1.977 

1.31*8  2.032 
1.181  2.057 

1.131*  1.779 

1.1*18  1.270 

0.920  1.181 
1.110  1.657 

0.790  1.628 

2.1*65  2.961* 

0.653  1.21*1* 

0.6H*  1.220 

0.622  1.135 

0.770  1.073 

0.81*5  1.053 

0.81*7  1.086 
0.923  0.91*3 

1,01*1*  1.050 
1.025  1.003 

3.181*  2.51*1* 

3.1*31  3.011* 

3.557  2.677 

1.395  1. 1*1*1* 

1,612  1.1*79 

1.577  1.289 

1.382  1.21*5 

1.319  1.309 

1,023  1.129 

0.999  1.105 

1.71*9  1,1*93 

1.651  1.1*72 


O.li* 

0.12 

0.16 

0.22 

0.18 

0.31 

0.22 

0.82 

0.1*0 

0.72 

0.11* 

0.61 

0.10 

0.51* 

0.01 

0.23 

-0.07 

0.26 

0.01 

0.21* 

-0.08 

0.21* 

0.58 

2.21 

-0.05 

0.21 

-0.07 

0.20 

-0.06 

0,20 

-0.08 

0.18 

-0.08 

0.17 

-0,08 

0.17 

-0.20 

0,21 

-0,20 

0.21 

-0.20 

0,20 

-0,29 

0,61 

-0.21 

0.69 

-0.05 

0.ij8 

-0.10 

0.19 

-0.15 

0.21* 

-0,03 

0.16 

-0,01* 

0.20 

-0.06 

0.19 

-0.13 

0.21 

-0.10 

0.21* 

0,00 

0.1? 

-0,02  • 

0,18 

-0.85 

-1.03 

-2.19 

-0.52 

-2.52 

-0.51* 

2.70 

-1.30 

-3.21 

-1.18 

3.05 

-0.92 

-3.11 

-0.75 

-0.36 

-1.71 

0.1*0 

1.76 

-0.15 

-3.91* 

0.1*1 

1.57 

5.38 

-1.68 

0.00 

— - 

0.05 

9.89 

0.03 

— 

0.11* 

3. 61* 

0,12 

1*.1*1* 

0.13 

3.81 

0.91 

0.70 

0.93 

O.63 

0.96 

0.62 

3.83 

0.22 

3.57 

0.25 

2.1*2 

0.26 

0.69 

0.69 

1.01* 

0.1*8 

-0.33 

—1. 61* 

-0,10 

-6.13 

-0.01 

— — 

0.62 

0.90 

0.61* 

0.87 

-0.1i7 

-1.15 

-0.30 

-1.71* 

TABLE  VI  -  C 


TIME  LAG  PARAMETER  CALCULATIONS  -  600  PSIA 


— ■ - HmEDHTgr - mmsmyz - — 

MODU-  dfl  n-  REAL  .  IMAgi.  _ 

RUN  LATINO  MIIXI-  MILLI-  REAL  IMAGI-  Vr  ^ 

NO.  PREft.  SECS.  SECS.  t  NMY  MILLI-  MILLI-  MILLI-  y> 

_ (CPS) _ _ J  SECS.  SECS.  SECS. 


A-l*ll 

76.7 

1.727 

0.78 

2.826 

A-l*ll 

76.7 

.... 

2.718 

A-ia? 

91.5 

0.551 

0.77 

2.655 

A-l*20 

93.2 

1.388 

0.1*1 

2.021 

A-l*20 

93.2 

1.122 

0.52 

2.611 

A-l*20 

93.2 

1.319 

0.62 

1.926 

A-li32 

205.6 

1.072 

0.32 

0.975 

A-l*32 

205.8 

1.378 

0.27 

0.995 

A-l*32 

205.8 

1.11 h 

0.28 

1.11*5 

A-U33 

221.3 

0.631 

0.1*3 

1.81*3 

A-l*33 

221.3 

1.1*31* 

0.21 

1.128 

A-l*59 

2J46.O 

0.951* 

0.25 

0.738 

A-l*59 

21*6.0 

0.897 

0.30 

0,801 

A-l*6l 

21*7.8 

1.236 

0.11* 

1.137 

A-l*6l 

21*7.6 

1.300 

0.17 

1.203 

A-l*6l 

21*7.6 

1.199 

0.19 

1.266 

A— 1*88 

68.8 

0.53U 

2.968 

A— 1*88 

68.8 

0.806 

0.88 

2.61*5 

A-l*88 

68.8 

0.939 

0.81* 

2.1*16 

A— 1*89 

67.8 

«■ 

.2.1*81* 

A-l*89 

67.8 

0.531* 

0.83 

3.313 

A-l*89 

67.8 

0.790 

0.59 

3.101* 

1.090 

-0.71* 

c.oi* 

-3.58 

0.28 

1.890 

-0.81* 

0.61 

5.80 

0.21* 

1.668 

-0.38 

0.51* 

3.1*1* 

0.21 

0 

0.28 

0 

U.  77 

0.09 

2.1*25 

-0.31 

0.19 

1*.58 

0.11 

2,600 

-0.1*0 

0.17 

5.26 

0.11* 

0.896 

-0.26 

0.10 

1.1*7 

0.1*1 

0 

0.23 

0 

2.11* 

0.23 

0.718 

-0.21* 

0.10 

1.37 

0.39 

1.280 

-0.22 

0.26 

0.91* 

0.89 

0.518 

-0.16 

o.ol* 

•  0.20 

•  8.11 

0.907 

-0.13 

0.17 

0.88 

0.56 

0.818 

-0.16 

0.17 

1.08 

0.53 

1.11*7 

-0.12 

0.09 

0.29 

1.19 

1.518 

-0.11* 

0.07 

0.59 

0.1*9 

1.392 

-0.11* 

0.11 

0.63 

0.58 

2.1*10 

-0.38 

0.50 

l*.5o 

0.20 

1.131 

-0.57 

0.17 

6.59 

0.12 

0 

0.57 

0 

7.01 

0.12 

2.332 

-0.31 

0.53 

3.99 

0.20 

1.812 

-0.35 

0.37 

1*.1*7 

0.11* 

1.308 

-0.31 

0.22 

3.83 

0.13 

TABLE  VII 


.SUMMARY  OF  TIME  LAO  PARAMETER  CALCULATIONS 


Parameters 

NOMINAL 
Pc 
=  301 
PSIA 

NOMINAL 

Pc 
=  1*23 
PSIA 

NOMINAL 

=  590 
PSIA 

it 

Asymptotic  overall  gas  residence 
time,  dg (milliseconds) 

0.9*8 

0.91** 

1.063 

lx 

Asymptotic  fraction  of  chamber 
dowistream  from  position  of  average 
epaoe  lag,  £ 

0.715 

0.750 

0.980 

lx 

Asymptotic  mean  total  combustion 
time  lag,  ^(milliseconds) 

0.2* 

0.17 

0.11 

k 

Average  sensitive  time  lag, Z?  (milli¬ 
seconds) 

0.08 

0.05 

0.1*1* 

h. 

Average  interaction  index,  >7 

1.01* 

0.71 

0.314 

.r 


Interaction  index  Elementary  volume 


Time  lag  schematization 


Figure  I 


Velocity 


Typical  velocity  distributions 
for  refined  theoretical  model 


Axial  distance  -  x 


Figure  3 


Velocity  perturbation 


Typical  variation  of 
velocity  perturbation 


Ax*0(M)  - 


Axial  distance -x 


Figure  4 


COMPARISON  OF  COMBUSTION  CHAMBER  EQUATIONS 
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Figure  6 

VELOCITY  DISTRIBUTION  APPROXIMATION 


Fractional  axial  length -x 


INSTALLATION  OF  MONOPROPELLANT  PRESSURE  INSTRUMENTATION 

Figure  8 


PRESSURE-  PICKUP  HOLE 


BPROPELLANT  ROCKET  MOTOR  NO  / 
(LIQUID  OXYGEN  -  ALCOHOL) 
Figure  9 


VIEW  OF  BIPROPELLANT  ROCKET  TEST  STAND 

Figure  10 


High-pressure  inert  gas  supply 


Regulators 


Fuel  tank 


| - * - j 

Vacuum  jacket 
Oxidant  tank 


Vacuum  pump 


Emergency 
propellant 


valves  (pneumatic)^ 


Cavltatlng  venturis 


Potter  flowmeters 

Bypass  valve  (for  pre~ 
cooling ) 

Propellant  valve 
(Hydraulic  simultaneous 
action ) 


Flow  modulating  unit 
(adjustable  phase) 


Oxidant  pressure  pickup  Pressure  pickup 

i— I -I!  -r*- Injector 

Chamber  pressure  pickup  ■*£-{  Chamber 

Y~Z- Nozzle  (water-cooled) 


Water  out 
Water  in 


FIGURE  12 

SCHEMATIC :  BIPROPELLANT  FEED  SYSTEM 


Figure  13 

DETAIL  OF  MULTIPLE-HOLE  CAVITATING 
VENTURI 


VIEW  OF  OPERATING  CONTROL  CONSOLE  AND 
GAUGE  PANEL 
Figure  14 


Playback  instrumentation 


STEADY  STATE  RECORDING  INSTRUMENTATION 

Figure  18 


TRANSIENT  RECORDING  INSTRUMENTATION 

Figure  19 


CYCLING  HYSTERESIS  CHECK  OF  LI-LIU 
DIFFERENTIAL  PRESSURE  PICKUP  NO.  12 


DIFFERENTIAL  PRESSURE  PICKUP  NO.  12 

Figure  20 


recorder 


*  r 


Figure  2Z<— 

SCHEMATIC  DIAGRAM  OF  CALCULATION  PROCEDURE 


PF  •  fuel  injector  pressure 
Pc  ■  chamber  pressure 

/v 

mF*  fuel  flowrate 

*sj 

A  P?"  fuel  Injector  pressure  drop 


Figure  23. 

RELATIONSHIPS  OF  OSCILLATING  QUANTITIES 
(BASED  ON  FUEL) 


Schmidt 

(1949) 


dA  m  droplet  diameter  (microns) 

d0  ■  Injector  orifice  diameter  (inches) 
APh  injector  pressure  drop  (psi)  < 

*  liquid  density  (lbs.  per  ft.3) 


Figure  24 
CORRELATION  OF 
DROPLET  DIAMETER  DATA 
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FIGUR 


>  80  100  120  140  160 
Modulating  frequency  -  f(cps) 


10  100  120  140  160  180  200  220  240 

Modulating  frequency  -  f(cps ) 


0  100  120  140  ISO 

Modulating  frequency  -  f  (cps) 


TION 


100  120  140  160  180  200  220  240 

Modulating  frequency  (cps) 


BATION 


100  120  140  160  180  200  220  240 

Modulating  frequency  ( cps ) 


BAT/ON 


•  9  * 9Soud  uonoqjniJdd  oudj  ejnwyj 


Modulating  frequency  (cps) 


Figure  3t 

CALCULATED  VELOCITY  DISTR'BUTION. 
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Fractional  axial  length  x 
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Modulating  frequency  ( cps ) 


Modulating  frequency  (cps) 


Modulating  frequency  (cps) 


100  120  140  160  160  200  220  240 

Modulating  frequency  (cps) 


Modulation  period — — -  (sec/cyde) 


(spuoodsnijLu) 
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Modulation  period  -  4-  (sec /cycle) 


TIME  LAG 
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100  120  ISO  ISO  ISO  200  220  240 

Modulating  frequency  -  f  (cps) 


FIGURE  57 

AVERAGE  SENSITIVE  TIME  LAG 


100  120  140  160  180  200  220  240 

Modulating  frequency  -  f  (cps) 


FIGURE  58 

AVERAGE  SENSITIVE  TIME  LAG 


I 


too  120  140  160  180  200  220  240 

Modulating  frequency  -  f  (cps) 


Nominal  chamber  pressure  -  R.  (PSIA) 


100  200  300  400  500  600  700 

Nominal  chamber  pressure  -  R  ( psia ) 


Sensitive  time  lag  -  r  ( milliseconds ) 


Figure  63 

Sonic  analyzer  spectrum 
of  fuel  pressure  oscillation 


Figure  6  4 


Determination  of 
resonant  !,nnnnnii 


Figure  65 

Typical  middle -frequency 
pressure  oscillations 
for 

run  A-341 

modulating  frequency  =  136  cps 
nominal  %  =300  psia 


b.  Filtered  pressures 


F igure  66 

Typical  border -frequency 
pressure  oscillations 
for 

run  A-352 

modulating  freguency  =  162  cps 
nominal  %  =300psia 


b.  Filtered  pressures 


I 


Fioure  67 
Typical  high-  frequency 
pressure  oscillations 
for 

run  A- 399 

modulating  frequency  s24l  cps 
nominal  £  »  300  psia 


a.  Unfiltered  pressures 


b.  Filtered  pressures 


Interaction  index 


120  160  200  240  280  320 
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y  -  sn/npouj  poJinbdy 


FIGURE\  71 

REQUIRED  TRANSFER  FUNCTION  PHASE  ANGLE 

I  FOR  r 


ulating  frequency  -  f  (cps. 


FIGURE  72 


Real  vector  component 


Real  vector  component 


Imaginary  vector  component 


— 


Imaginary  vector  component 


l.0\ 


0.5 


-0.5 


TWO -POINT  CALC 
SOLUTIOi 


FIGURE  80 
ULATION  PROCEDURE 
IN  WITH  MODIFIED  $ 


Nominal  £  =590  psia 
Rf-I0Q3 - 


Left  sides 
of  equation 


$=35  degrees 

At  intersection- 

pg~l.5millisscs . 
fj^O.I  millisecs. 

T^O.05  millisccs. 

Region  of  solution 


Increasing^ 


Key 


V  *  Uncorrected 

O  -  Corrected  for  ~r  =0.1  millisccs. 
x  =  Corrected  forffn=0  millisecs . 

A  =  Corrected  for  Oh  =2.0  millisecs- 
+  =  Corrected  fordd  =  2.0,  r  =0.1  millisecs. 


2.0 


2.5 


3.0 


Real  vector  component 


APPENDIX.  A 


A™  2. 


DMIVATIUM  OK  NCtt/ilfe;  BUUMDARY  AQUATION 
FUR  NUN-ISMTRUPIC  OSCILLATIONS  AT  MTRAHCE 

The  boundary  equation  for  flow  oscillations  at  the  entrance  to  the 
subsonic  portion,  of  the  exhaust  nozzle  is  derived  from  non-steady.,  one-dimen¬ 
sional  gas  dynamics  for  a  number  of  specific  cases  in  the  references  previously 
cited.  Tsien  (ref.  25)  has  considered  the  case  of  isothermal  fluctuations., 
and  Cx'oooo  (ref.  2u )  iias  extended  this  to  include  low  anu  high  frequency  su'j.v> 
tions  for  arbitrary  oscillations  as  well  as  a  full.- frequency  solution  for  the 
iscntropic  case.  In  addition  to  these  treatments,  which  are  based  upon  a 
linear  velocity  gradient  along  the  axis  of  the  subsonic  portion  of  the  nozzle s 
Crocco  (ref.  .1)  has  also  shown  the  forms  of  terms  in  the  low  frequency  senes 
expansion  for  isentropic  oscillations  at  the  entrance  to  a  nozzle  with  any 
general  non-linear  velocity  gradient.  It,  is  the  purpose  of  this  derivation  i.n 
extend  the  low  frequency  analysis  for  a  non-linear  velocity  distribution  to 
include  the  general  case  of  non  isentropic  oscil.latio.Ti  <,  The  resulting  equation 
in  terms  of  velocity «•  density,  temperature.,,  and  entropy  perturbations  is  tnen 
transformed  through  thermcdynami:  relations  and  the  equation  of  state  into  a 
form  suitable  for  application  directly  as  a  boundary  condition  to  the  combus\  or 
chamber  in  which  the  primary  variables  are  velocity  or  mass  flow.,,  pressure  uuu 
entropy. 

Following  the  notation  of  Cr  one  may  write  perturbation  equa¬ 

tions  in  the  forms 

p-r^' 

A  -  1  1  i  ,  ,  . 

(1a) 

/-*  -  /  ° 

VCV--  ^/cv  ~1'  ^  y 
T  ■  7  T1 


A-2 


Then,  if  one  considers  a  length  variable,  x  ,  as  the  distance  from  the 
entrance  section  along  the  subsonic  portions  of  the  nozzle,  the  equations  of 
motion  for  the  gas  (assumbing  combustion  has  been  completed  within  the  chamber) 
are  written  ass 


5 

cit. 


(^V 

(J> 

u11 

'hly 

_  p; 

is.. 

_  P__  5 

M 

jd<  3M 

.  M  ) 

~  p 

l  P  ) 

(2A) 


The  energy  equation,  expressing  the  constancy  of  entropy  following 
a  given  fluid  mass,  becomes* 

A 


a*t.  ^  )  c  *  l  -xi-  ^  ”  -vv.  1 1  «  -  v  x- 


at  p 


=  Q 


(3A) 


If  one  postulates  an  exponential  time  dependence  for  the  perturbed 


quantities  such  that: 

jo;  .  v 
-  apCAe 

p 


■A L6jt  i 


•  J°'  w/  T1  0/  LbJi: 


(U) 


s’ 


-  <£. 


then  the  equations  of  motion  are  reduced  to  the  following  ordinary  differential 


equations: 


_  61/  -  cicr  1  ,  x__ 

va  ~~  -»  u  -r—  -»  t6j<r»o 

dv  ax 


(5A) 


.  cSu  •  C?5 

-  €1  ( •+  q  CO 
c)  / 


C3_\  -  v.  6J  f—^L 


A- .3 


Where  C  is  the  local;,  steady  state  velocity  of  sound  and  where  use  has  been 
made  of  the  entropy  relation  from  Equation  3A  in  the  forms 

V°"  P'  -  / .  s'*  > 


C.V 


s-tV-fl.- 


S’ 


cv 


ve. 


U 


or: 


^cr  (/)*  s.e~L<:oy 


,  y 

f  d*1 


(6A) 


If  one  defines  non-dimensional  variables  as: 

(o-  3  &  0 


rs-^- 

5  ^ 


W-(^»  VS 
/&  « 6j  d  /  c. 


(7A) 


where:  ^  =  total  length  of  subsonic  portion  of  nozzle 

Ct  =  velocity  of  sound  at  nozzle  throat 
6.  —  subscript  indicating  entrance  conditions, 
then  the  energy  equation  in  steady  state  may  be  written  as: 


Z 


dj 


X-  \  ,  _  p 

- us  c 

7* 


(8A) 


and  the  equations  of  motion  (5A)  become: 

,  „  d  u  _  d<r  „ 

Cj~  —  ->  o-T  —  *  <  rys  -  O 

d  ^  d  %  ' 

3f-\ 


(9A) 


CJ- 


I2L. 

S’tj- 


ur 


iif  ,  1-  /S  f  Y"  ~t  i 
d\  s  \  2ur  e- 


ckr  f  osur- 

T-' 


d  3, 


(10A) 


fiA. 

oJ" 


Substituting  Equation  9k  into  10A  and  defining: 


results  in  the  single  equation: 

(ir-  ■*  (  ^ -1  9S>)-V  ^ V3]  O'  -- 


--  £  Ur  -v- 


v  /  Xl_L  _IiJ 


r  \c*w 


•  /> 

.-'■p 


(11A.) 


Since  no  analytical  treatment  of  Equation  11A  is  possible  for  general 
,  a  solution  for  the  case  of  low  frequency  oscillations  may  be  obtained 
by  expanding  the  unknowns  3"  and  0"  in  a  series  in(l/2>),  confining  the  present 
analysis  to  those  terms  of  zeroth  and  first  powers  only  of  the  parameter  ({  ft)  » 


Thus: 


or  a  a  ^  -+  yicr  -r  •< 1 


(12A) 


Before  substituting  these  series  expansions,  one  may  reduce  Equation  11A 
to  a  second  order  equation  in  cr  only  by  dividing  by  the  coofficient  of  the 
term,  differentiating  the  entire  equation  with  respect  to  ,  and 

substituting  the  relation  of  9A,  Thus: 

d  Y*r  >  ~tr " \  da'  il/6  _  a  \  )ur'+-  \/3  ,  JjT' 

d\  _  c?  \  UJ-  ^  '•/S  ° 


-t  A 


p  \  ur  4  -pr  ^  g  -AT  e  / 
L  d  oO-1  -y  b^/3 


(13A) 


,  w/S/Jti.  _  t=j 
■*  'rr“  l  ffuJ-  ?  e 


\ 


A“5 


Performing  the  indicated  differentiations,,  substituting  the  series 
expansions  of  12 A.,  and  neglecting  higher  order  terms,,  one  obtains  an  equation 
involving  only  zeroth  and  first  powers  follows: 

I  v  i  C  ^01  i  1  iA  r~  t  s*  v 

'  iT-fl 


■H  ldTST"^  ^  ("IT— 6'^) 

(,ur  ,0-ur^)  _  Sur  (—  )*ur(,-ux*) 


d  X2  v' 

.=C\ - 


d\^  w 
-4-uriir1 


(\+bj‘^y>  -4  6j-bj-’  ^  — 
■ 


~i/3  urur'(v+^^-  «i?(Y*lWw'7-y^ 

L  d  X  '  a  % 


UJ* 


(3i*A) 


Equating  the  coefficients  of  terms  of  like  power  in 
sides  of  the  equation  produces  the  two  relations: 


i  /  ■£ ^  dcr^y  ,?y  \-vur^\  ?  ■  ■/  -g\ 

w  ("W  F  (it  ^  C'-w  ) 


~  O 


ur'  H*r 


v£_.  (') 

.r  \  a 


d  V 


on  both 


(15A) 


A<rW 

d-S, 


M 

/ 1  ■*  ur  *\ 

r 

^  ux  ; 

— 

turuj 


d  5- '  d  *  'L 

J 


ba 


\ 


+  ' 


(o)  -p  / 

—  4iu'  inf-'ijulur" 

Yti  V 


£  L  /  Y+I 

T-^sw  Ht 


\ ^  y 


(16A) 
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order  in 


Equation  15A  is  a  homogeneous  linear  differential  equation  of  first 
and  may  be  solved  directly,  yielding: 


dcr 


C.  uj-ur 


d\ 


ds, 


(\-ur=), 


which  is  integrated  again  to  produce  the  solution: 
C*)  Co 


■+  c 


I  • 


(17A) 


/ 

However,  the  general  solution  for«fL  must  remain  regular  as  w 

approaches  1.0,  that  is,  approaching  the  sonic  throat0  Therefore: 

Co'  o 


crto' ■=  C  ,  •-  o;si^7A,rsT 


(18A) 


Therefore,  equating  the  coefficients  of  terms  of  zeroth  power  in 
lift)  in  Equation  9A, 

d>(°'  do''-0' 


d  ^ 


or: 


(1?A) 


The  constant  value  of  G"'  must,  cf  course,  be  equal  to  the  value 
at  the  entrance  section,  which  is  determined  from  thermodynamic  relation¬ 
ships  (independent  of  )  to  be: 


0"<s 


-  scr. 


(20A) 


Then,  substituting  the  series  expansions  for  a"  and  ~]S  into  11A 
and  equating  coefficients  of  zeroth  power  terms  in  ,  one  obtains: 


'  T+\ 


dcr 


) 

— ur  I  , 

J 


(°) 


+  O w'er  ^0,=.  £.ur 


Vo) 


ands  since  _  s  q 

d  ^ 

aw>(fl|-  (r-i  )  uj-'cj'^s>* 


( p )  . 

Substituting  the  value  of <7^  =  °<s  from  20A 


C« 'i  £ 


(Wfc^ 


or: 


Co1)  _  0 


£  ' 


(o ) 

Note  also  that  since  cf^_  =  constant,  =  cr 


all  higher 


must  be  zero.  Hence,, 


So: 


<r«-'  t  etc  0 1  (*.£ )  t  or-:  Yl/3  )  %  -  • "  -  <r  , 
V'  =  o%f*>  ."•sc',"''  =  o 


Returning,,  now,  to  Equation  16A  and  substituting  the  value  of  O' 
finds: 


(P) 


i  z  l,  ,z/itur"\ 

ur  v  -w  )  ,  z  ^  «  \U>  1  I - ]  t  3  urw  t  ur 


ur 


dcr 


0) 


d\ 


y- 


6J- W,l+<4-w'1 


£  ,  .,/r-n  \ 

4  —  GJ  GJ  — ^ —  -  — 

V  \  Ye~  I 


J  yr-i  ur  * 


A»7 


(21A) 


(22A) 

terms 


(23A) 

a  one 


(2i|A) 
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The  solution  of  this  equation,  which  is  a  first  orders  non-homogen  a  ous, 

may  be  determined  in  the  same  manner  as 


linear  differential  equation  in 


that  of  Equation  ISA*  giving: 

ft-  — -  abJ-bJ-1 


dicr 


\  L  '~w 


.  *r  urhr  1 


kjr 

l-Uj‘ 


urur 


w  2 )  (fr\)  (\~brZy 


^  uj-ta 


A 


The  value  of  the  constant,  C  q  ,  must  be  chosen  such  that 


remains  finite  at  ^  =  1.  In  order  to  determine  G  Q  ,  one  may  express 

25a  in  fractional  formj  thus:  ^  a 


r  *  ' 


r 


£ 

X 


Oj(\'W7j| 


t  4  l  _  \ _ \  aUJur1 

Y- 


1 


^  ur  u_r 


u JcX^k^  —  ^  uroo* 


d,  % 


tsj- 


0f-\) 


u-r 


■tea  to-ur1 


J 


i 


Since  the  denominator  becomes  zero  at  ^  =  1  (w  =  1),  C.«  must 


equal  zero  in  order  that  the  numerator  be  zero.  This  leaves 
the  indeterminate  form  &/ O  .  Successive  applications  of  L'Hospital's  rule 


rdeA'M 


produce 


dcr{ 


/>» 


r  % 

(if-l)  I  bJ'd't  -2 


ur 


£  \^ur 

Y  bj 


>  1 


2M  ^ 


"t  w"(\-i—  ->  j  4— 


1  OJ- 


<1/3*  ^4  B>Y*H\  42f  ,  r  Hf 


Y*-l 


urur  »kr  ur 


V*-. 


(26  A) 

S  ( 3  qr '  Ur- '  V  ur  ' 11  j 
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In  this  last  expression  the  denominator  is  no  longer  zero,  and  the  value  of 

Mcr‘'h 


c\ 


may  be  evaluated,  yielding: 


('der(,h 

6a 

\->  < 

_ 

(  <’~S\ 

' 

_  €-  1 

■  c<’  4 

W*.  j 

V\  1 

K  *  J 

\) 

Vv 

—  ^  ^ 

-  <5  y  t  s’  +1 


(2?A) 


For  monotonically  increasing  U.  (and  hence  w  /  O  ,  and 

the  expression  is  regular. 

Having  determined  the  value  of  Co  and  satisfied  the  non-singularity 
j  __ ( A  __ 

of  ■^cr  at  ^  =1  for  this  value,  one  may  now  return  to  Equation  2£A 

and  integrate  directly  (integration  by  parts  on  the  right-hand  side)  to  obtain 

K  *  g  +j? _ f  \  v  (y-') 


Y  -  \ 


-ur 


J  u  0  -  Ct-w’)  j  lo-  (i-uje) 


wdl  - 


\  -ur^ 


\ 


1  I  ^  _J_ 


ur(\-ur^)  j  ,  J  uj-  \ 


(28A) 


The  value  of  C  |  ±s  determined  by  the  boundary  condition  at  the 

(c) 

entrance  namely  thatCe-o'e  •  Hence,  from  Equation  23A, 


Thus: 


0, 


Y5 


w*A 


(  ’ 


-  CC 


O  .  Cj 


1 


— — s  ~  (  y—t 


c 


u  Q 


J  i- 


*  f  ( 

! 

-  1  . 
urdi^  1 

f<K  i 

\  I 

'  l 

,  \ 

A  \ 

r  1 

/“M 

I'ur5, 

'  <oJ 

)  ur(\-ur*)  ^ 

0 

j  (AT  Y  ^ 

r  » 
UTcl 


(29A; 
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Substituting  this  value  of  ' — '  into  the  expression  forcr  ' 


m  £qa  gives? 


=  2©c  )  i 


3l-1  iWurV 

r  1 


ur 


4- 


1 


r 


1-^e- 


ure 


_  (fT)  arjLf 


(FI)  (1-^) 


r 


if- 

tir 


(30A) 


l*+1' 


■? 


'1 


r  1 


4 - I - 

«-<)(_  ^  ' 


!AJ-  V7+1/ 


O 


.0) 


The  solution  for  >v  '  now  becomes  merely  a  matter  of  substitution  of  derived 
quantities#  Referring  to  Equation  11A  and  rewriting  gives  (for  terms  of  first 
order  in  i  j3>  ): 

(¥)  (£9  -  u-i^v  ^ 


-  f/0--/®-*  ^  ^  - Jfcf)  -  f-  #r ' 
~  2.  J 


t/d- 


o 


Dividing  by  the  coefficient  of  and  solving  for-j^1^  gives: 

FV0  +  C»-<yw_  a<rl't 


r  ^ 

+e  .-ady  € 

4-2T  ^  tor- « tv-  *-  I^r1  J  z  ^ 


Substituting  Equations  30A,  2i>A,  22A,  and  20A  for  s  ~J 

,  respectively,  gives: 


(32A) 


(o  \  , 

>  3  and 


y  0e 

8+1 


* 

rf 

rl 

r  (j — %\ 

^  t-K') 

1 

wA  f 

v  1-u/i  ' 

w/-  ^1-w  ' 

V"e VJ 

2  1-We 

— 

L 

J1 

1 

0 

o  ( 

r— * 

,  T 

^  -n 

-f-  £  1 

( 

E  ^ 

)  1 

rfVey-lX 

i  y*r^-(  1  \ 

+  *(*- 

( (  \ 

Ts 

V 

*-1  - 

1  1-fcr* 

(fiF 

^  „i  1 

— 

1 

4 

o  * 

0 
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The  complete  solutions  for 


ire  then  (up  to  terms  of  first-  order 


I 


2  \ 

\-uJ •£  ) 


a 


Since  the  entrance  conditions  at  the  nozzle  form  a  boundary  condition 

for  the  combustion  chamber,  it  is  necessary  to  determined  and  7^-  ,  which 

are  the  values  of  <=>"(%)  and^fe)  for  ^  =0. 

Substituting  S,  =0  into  Equation  33A  produces  the  result  previously 


determined,  e.g., 

^*0,  atr\d 


CTcs. 


to) 


~cr 


From  Equation  3UA,  whf n  ^  -  0,  one  obtains: 

r’i_  f*  .  vl  C  /  /  A  '  fv*.  r  . 


Ur 


gU 


,  WX1'  i 1  ^  -  \  r  1  V 

J  SlfV-^jvrHjw  \  /35a) 


O 
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It  is  convenient  to  apply  this  boundary  condition  in  terras  of 
and  rather  than  t  and  £E_  0  The  relating  equations  are 

those  of  the  perfect  gas  law  and  the  previous  equation  for  cf  <s_  : 

P  V°  &T 

-X L 

T  Js  T 


or: 

and: 


-  cr®-“  (for  small  perturbations) 


~ 


Combining  these  gives: 

0^.  4 


r-» 


(36a) 


Substituting  this  value  for^<2-  into  3$ A  produces; 


*  v  LT  V,W.n 


>  Pj 

v_o-^\  uf 


(37A) 


In  terms  of  exit  mass  flow  from  the  chamber,  this  relation  is  slightly  modified 
thus:  yA  A  /  ,  . 

©  e_-  <c_ 

Cf<s.  -  t-  - 

(38A; 


4«/V-<eA 


Employing  the  value  of  from  Equation  37A,  the  expression  for  mass  flow 


fluctuation  at  the  nozzle  entrance  becomes: 


‘~V~ 


<-  /S 


' 

d  «  'f-  I 


S  ur 


Urd  ■ 


si  y 


(39  A) 


d  &  r  *  i 

— —  and  |  bj-  <x  s  ,  appearing  in  Equations 

C' 

37A  and  39A  arc  completely  determined  by  the  geometry  of  the  exhaust  nozzle  and 


The  two  integrals.. 


the  specific  heat  ratio  of  the  combustion  gases  within  the  nozzle,  since  flow 
through  the  subsonic  portion  of  this  nozzle  is  assumed  isentropic  following 
a  fluid  particle.  For  application  in  the  combustion  chamber  equation,  these 
integrals  are  combined  with  their  multiplying  constant  to  form  two  non-dimen¬ 
sional  velocity  parameters,  W(  and  Vg*  ,  defined  by: 


\ 


d  \ 


I  (  \  -  t  ^  J  LjJ- 

o 

r  ^ 

=(7^3?) 


(kOA) 


The  order  of  magnitude  of  these  quantities  is  illustrated  by  the 
numerical  example  carried  out  for  the  particular  exhaust  nozzle  employed  in 
the  bipropellant  rocket  motor  tests  described  previously  in  the  text-.  This 
is  a  double-conical  nozzle  with  a  circular  arc  contour  at  the  throat  section;, 
and  has  the  following  dimensions: 

Entrance  diameter  -  3o00  inches 

Throat  diameter  -  0,875  inch 

Length  of  subsonic  portion  =  1.9714  inches 

Half-angle  of  entrance  cone  =  3°° 


Circular  arc  radius  at  throat 


0„S>0  inch 


A- lli 

With  this  geometry,  for  combustion  gases  with  an  average  specific 
heat  ratio  in  the  subsonic  portion  of  the  nozzle  of  1.20,  the  velocity  para¬ 
meters  have  the  values: 

W  i  =  8.078 
=  °'2li0 


B-l 


APPENDIX  B 

METHOD  OF  SOLUTION  OF  VELOCITY 

Perturbation  1'ntlqral  e^uatioA 


The  zeroth  iteration  of  the  perturbation  equation  for  axial  distri¬ 
bution  of  the  amplitude  of  disturbances  in  gas  velocity  has  been  derived  in 
the  refined  theoretical  analysis  and  appears  as  Equation  135  in  the  following 


form:  ^ 

9  o  dy.  ^ 


cL*' 


4>o 


_y^o^n 


a  ' '•tv'* 


■TtO0) 


(135) 


where  the  quantity 


D(^>  = 

a 


C* 


D  (x) 

-  fc’ty  tfl 

V  <i") 


is  defined 

•  d*1 


bys 


and: 


tT  00  = 


dy1 


~u  ^  (  y.'i 

Here  the  velocity  perturbation,  — v  ,  appears  as  the  unknown 
on  the  left  side  of  the  equation  as  well  as  within  the  interior  integral  on 
the  right  side  of  the  equation*  A  solution  to  this  integral  equation  by  the 
introduction  of  new  variables  in  an  integrated  form  was  suggested  by  Crocco 
and  is  presented  in  detail  herein.  The  judicious  choice  of  these  new  variables 
transforms  Equation  135  into  a  second  order,  linear,  ordinary  differential 
equation  in  one  of  the  unknowns  which  is  amenable  to  straightforward  solution# 


B-2 


This  solution  is  then  transformed  back  into  the  original  variables^  resulting 
in  a  simple  expression  for  the  zeroth  iteration  of  gas  velocity  perturbations. 


If  two  integral  variables  are  defined  as: 

Xk*^  t  fry. 


C*) 


4« 


(IB) 


and: 


r* 


Ml  CO 


Then  the  gas  velocity  perturbation  may  be  expressed  as: 


6/0  ~ 57 


) 


and  Equation  135  takes  the  form: 


e-^T&)  6  J-y  L*) 


4^ Dt’1, 

**  **  d<  (2B) 


However^  from  the  definition  of  Tyk*)  , 

Xy(y')  00  dpy^ 


so  that: 

«•  ^  ^Ct  /  _  p 


cl  J  v  CX 
d  v 


cCy 


t  mJ<£) 


d*z 
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Substitution  of  this  relation  into  Equation  2B  produces  the  following  second 
order  differential  equation  in  ^  )  : 

civ2,  \  dy  /  dx  dx  do  d> 


which  may  be  arranged  in  the  forms 


d 

<3* 


djv6^ 

dy 


t( 0(0dqfri 


<> 


dy 


dy 


4>C 


d*  (3B) 


This  equation  is  considerably  simplified  by  noting  from  the  steady 
state  droplet  dynamics  relation  (Equation  57)  thats 

dtu60  _  y  ^  LA 
K  d7~  "  * 


d 

dy 


Substitution  of  this  expression  into  Equation  3B  yields: 


V  to  -t-  ^  WJ>'  W 


<3>o 


DC/') 


dy 


(liB) 


The  boundary  conditions  at  the  injector  face*  X*  q  ,  show  that 
1/  £p)«*o')  C(  C.o')  -o  '■)  X  ~y  C°)  =  C>  *  T-pC°)x0  and  O  C<>  t r  ^  •  With  these  in 
mind,  Equation  138  may  be  integrated  twice  to  give: 


q>o 


/f  tHx")  dx' 

g.  A  iv) 


tl 

■  D (yn)  dy'1 

-dy1  1  cdv." 


(5B) 


Substituting  this  result  into  Equation  135  gives: 


(.o') 


4>o  a» 


< 

"VfqCv")  dv, 

dx' 

r 

DC*11)  W 

.  o' 

J 

6 

(6B) 

One  may  simplify  the  quantity  within  brackets  on  the  right  side  oi 
Equation  63,  Thusf  defining  this  quantity  as  and  integrating  by  parts, 

_X  * 


one  obtains*  *» 


koo-- 


J  Ttfi*")  cU1  - 

'*  eta1 


•V  *. 

Vi.«.  *' 


fqu'1) 

)  ^.<5  ta 


-  dv' 

dx" 


(7B) 


The  steady  state  droplet  dynamics  equation  again  furnishes  a  useful 


relation^  e«g«, 

te.  OQO  _  Jf. _ J _ 

MjeW  dy 


so  that: 


r  dju^6f) 
e  *  d.*11  cU“ 


Ml .  *•  ■ 

*)<(«  1 


and  Equation  7B  reduces  to*  ^ 


,  C'ta 

Vio 


dy1 


r ) 


Of  VI 


(.*'1 


d*‘ 


K.  J _  dq,(y") 

L^U")  q/vfl  dy“ 


(8B) 


Inspection  of  the  interior  integral  in  the  second  term  within  the 

e-^-rO") 

brackets  shows  it  to  be  an  exact  differential  of  the  quantity  - 


%  ta " ) 


so  that  Equation  8B  becomes* 

KM 


f(V  t 
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W) 

'  /<o 


,-^tW 

<u  V> 


„,1 


or: 


B-5> 


(r* 
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MaC.^ 
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—  e.  ^^dV- 

J  t^(v\  <u*0j  Ma^ 


dx1  J_ 

2  /.,i\  ^  ,y  T-, 


\ 


dot' 


rk.xTCy) 


dx' 


\k*CT«> 


dx1 


which  is  integrated  directly  to  produce  the  simple  result: 
K  (*)■=■ - - - 


(9B) 


Finally,  substituting  this  value  of  VI  (x)  into  its  proper  place 
within  the  brackets  of  Equation  6B,  one  obtains  the  desired  expression  for 
the  gas  velocity  perturbation  (in  the  zeroth  iteration)  as  given  in  Eq«  136* 


Thus 

<Po 


dJ5_0O  S  ’fc-pOO 


-  ^*CT  IjO 


(136) 
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APPENDIX  C 

THEORETICAL  CALCULATION  QF  PRESSURE-FLOW  PHASE 
LAG  IN  THE  BIPRUPELlANT  ROCKET  MUTQR  INJECTORS 


The  energy  equation  for  one-dimensional,  incompressible  flow  may  be 


expressed  in  the  form: 


t  Vyn  |tE-  \---p  (P,-Pa 


between  two  stations  (1)  and  (2),  where 

=  total  kinetic  energy  enclosed  between  Stations  (1)  and  (2. 
=  kinetic  energy  per  unit  mass  at  any  one  station. 

=  mass  flow  rate. 

P  -  fluid  density, 

P  =  pressure  at  any  one  station. 

Expressing  these  quantities  in  terms  of  velocity,  area,  density,  etc.,  gives 

?  2 

Et 1  (  /W~-dx 


and: 


Since  the  fluid  is  incompressible, 

-  \\  ( A(  -  MA 


So: 


\  A 


r‘ 


P  A? 


cU 

A 


But: 


P 


J  A 


tL^  < 


is  a  factor  which  is  constant  for  the 
system  and  dependent  upon  geometry  only. 
We  may  define  it  by  K  ,  giving: 
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Also;  <£.-,-  <£.  =■ 


"Ml 


H 


i_  _ 


~  Aa/A2, 


Substituting  these  into  the  original  energy  equation  gives: 


c>  L  -Hi  \  ■  "Ml 

— -  hy<\  

St  r  e  s 


-Ai/A=y-3>(p-P,) 


or; 


vy\  3t\  Pi 


('-A\/A*y  -7? 


Now,  let:  A  P -AP  ( ) 
M;  H.  (it/*') 

Y"h  0  -rv\  (t 


Then: 

A 


/Jil 


where ,-jrp-  are  time-dependent  and 
superscript  bar  indicates  steady-state* 


For  steady-state  operation,^  ejnd.  4r=0*  and; 

A  P  til 


7° 


-A?/a,A 


Thus,  dividing  through  by  A  p  / gives: 

i+WitM-f  +jy«('i-A!/A*^(Tir)  -fe 0 

Since/jk and l^r  are  small  quantities,  their  squares  and  products  may 
be  neglected,  giving:  _ 

B  /U 
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L  !■*  ^  V 

Now,  let  vary  sinusoidally  =  y(l  C- 

'T'hPtt*  "dM  •  .  *y  '.cot 

*neru  _2LC_  -  v. oO/a <2.  n.jjA 
3 u 


SOS  \4lpT;  US/>  -+  LbD  — 


•£/*  VL 


or: 


Yrt  (\~  A|  / Af) 

z(r  =  lulovt/^O-A^/Af^ 


energy. 


An  equivalent  length,  leq,,  may  be  defined  from  steady-state  kinet  o 
Thus: 


As  \«0 


So:  leq.  =\L/P^Z. 

and:  \l/^  =  ^2  - 

Hence:  T^T  =  £ yU^\  t  V  CO  ^  *Vq&  -  A*  /A*  ^ 

The  flow  pattern  in  each  bipropellant  injector  orifice  is  assumed  as 
follows  (see  Fig.  C-l) 

a)  Spherical  sink  flow  from  R»  cQ  toR-"R0  with  center  at  (A). 

b)  Spherical  sink  flow  fromR=R\  with  center  at  (B). 

c)  Uniform  rectilinear  flow  from  (3)  to  (U)  through  a  circular 

duct  of  radius  . 

The  previous  equation  for|/uOnd'l(j"  may  be  applied  between  station  (1;)  and 

B  -  oo  . 

In  this  case  A-^/A\  =  Q  >  since A\-«-  'bo  ,  and  the  equation  becomes 

z[r  '  5^  ( \  +  <La>  N) 

u^> 


(since  ) 


where:  is  now  the  fractional  oscillation  in  the  pressure  drop 

between  ^2  «  CO  and  station  (1;). 

In  order  to  determine  leq.,  one  may  first  evaluate  the  kinetic  energy 
in  the  various  regions  of  flow.  Thus: 
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Region  III 
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For  the  transition  regions  between  I  and  II  and  between  II  and  II 


it  will  suffice  to  find  the  average  kinetic  energy  per  unit  mass  and  mult ip a, 
it  by  the  mass  contained  in  the  region.  Thus,  in 
Region  IV  (Between  I  and  II) 


The  volume  contained  in  this  region  is  the  difference  between  a 
hemisphere  of  radius  and  a  spherical  cap  of  radius  E.,  of  depth  equal 

to  the  distance  from  section  (l)  to  (A), 

This  cap  has  a  volume  given  by; 

V  cap ti  ^f(\-CoS  Bw/)  —1/3  Ti  h(«  v  Ni©^ 

But,  h  =  C^cos©^  =  distance  from  (A)  to  (B) 

Sor  V  cap  'I  R,  ^(i-CQS.  Q  ^  \  I  CO  S  Si  0  ^ 

V  cap-  s/t>  VT  ^  ©w(\^  • 


Then  V  IV  =  volume  in  region  IV  ~  V  hemisphere  -  \/  cap 
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is:  *  rr  f\-  -f^r  Q-cos»  ©*sw(r 
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A  similar  procedure  may  be  applied  to  a  fifth  region,  thai>  between 
sections  (2)  and  (3).  Here  the  volume  is  that  of  a  spherical  cap.  For  this 
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The  total  kinetic  energy  is  then  given  by: 
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Now,  the  equivalent  length  is  defined  by: 

l  ~  A  >  K  *•  — ^p^r*- 


_  ^/°e?  e.c 

so  that  leq.  =  '  —a 


From  this  expression^  leq,  may  be  evaluated  for  all  flow  rates 


(chamber  pressures )3  from  which  the  phase  lag 

M-i 


may  be  computed  by* 


For  the  bipropellant  injector  nov;  in  use*  these  geometric  variables 


e^'45s 


) 

i-c_®s=*  Bw 


-3,4*2 


Then* 

('l-C.o,b  8^**0, 0656 

(\-COS  0^-  CCb  Q 
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&w=yE7s: 
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S\N  Qw8^2 

s\H?ewc.a?>  T^s^o, 
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These  data  are  employed  to  find  the  equivalent  lengths  of  the  five 
regions  from  the  individual  terms  of  the  final  equation.  Values  of  the  phase 
lag  ok  are  plotted  for  the  different  injectors  as  a  function  of  frequency  in 
Figs.  C“2  and  C=3,  where  cl  is  defined  by 

ilr  e 


(9)  (£)(Z)(V)  (I)  (0) 


Figure  C2 
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Inertial  Phase  Lag  Between  Pressure  Drop 
And  Flow  Rate  in  Bipropellant  Oxidizer 

Injector 

(Medium:  liquid  oxygen) 


Inertial  Phase  Lag  Between  Pressure  Drop 
And  Flow  Rate  in  Bipropellant  Fuel 
Injector 

(Medium:  ethyl  dchol) 
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APPENDIX  Dt .  SAMPLE  CALCULATIONS 

The  computation  processes  and  magnitudes  of  numerical  quantities  in¬ 
volved  are  illustrated  by  the  following  sample  calculation.  A  typical  data 
point  is  selected  with  primary  measurements  given,  and  successive  steps  in  the 
complete  procedure  for  determining  time  lag  parameters  are  listed.  In  each 
step  the  detailed  computation  process  is  explained}  this  is  followed  immediately 
by  the  numerical  example  from  the  chosen  data  point.  Steps  are  broken  into 
major  groups  as  described  in  a  previous  section. 

Run  No.:  A-U61  Run  Date:.  6-17-56 

Nominal  600  psia 
Nominal  Frequency;  2J4.8  cps 

1,  Stage  I  Calculations 

A.  Steady-state  parameters 

1.  Read  all  photographed  values,  including  time. 

Example:  Time  =  7.00  secs.  Pc  =  602  psig 

Pq  =  730  psig  Thrust  =  F  =  530  Its. 

=  710  psig  Pref.  =  UiO  psig 

2,  Correct  all  photo  pressure  values  by  most  recent  dead-weight-test  guage 
calibration  curves. 

Ex,  ]?  =  752  psia  Pref.  =  U55  psia 

=  711;  psia 
Pc  =581  psia 

3,  Correct  photo  thrust  value  from  thrust  calibration  curve. 

Ex,  F  -  530  lbs. 

it.  Mark  all  Speedomax  recorder  charts  at  time  of  reading,  using  cessation 
of  fuel  flow  to  determine  end  of  run  and  marker  pen  indications  to 


locate  start 
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5>.  Record  all  net  chart  readings,  subtracting  the  indicated  chart  zeros. 

Ex.  F  =  7.77  divs. 

PQ  ~  J4.26  -  O.83  =  3.U3  divs. 

Pf  -  5.60  -  1.68  =  3*92  divs* 

Pc  *  1**72  -  0,70  =  1**02  divs. 

Aox  =.6.72  diys, 

JCf  =  6.76  divs. 
freq.  =9.88  divs. 

6.  Determine  actual  pickup  value  of  thrust  from  calibration  curve  of  chart 
reading  vs.  actual  load. 

Ex.  F  =  527.1  lbs. 

7.  Determine  oxygen  and  fuel  flow  calibration  factors  from  known  line  frequency 
indications* 

Ex.  Ox  factor  =  (60.0/i*.99)  =  12.01  cps/div. 

Fuel  factor  =  (60.0/5.00)  =  12.00  cps/div. 

8.  Determine  net  frequency  outputs  of  oxygen  and  fuel  Potter  flowmeters  from 
calibration  factors  and  measured  net  flow  indications. 

Ex.  Ox  Potter  freq.  =  (12.01)  (6.72)  =  80.77  ops 
Fuel  Potter  freq.  =  (12,00)  (6,76)  =  81.12  cps 

9.  Obtain  oxygen  and  uncorrected  fuel  flow  rates  from  Potter  calibrations, 
with  density  factors  based  on  standard  ethyl  alcohol  (sp,  gr.  =  0.783)  and 
liquid  oxygen  and  thermal  correction  for  $%  area  contraction  at  liquid  oxygen 
temperature . 

Ex.  Ox  flow  =  mox  =  1. 28U  lbs. /sec. 

Fuel  flow  =  mf  (uncorr.)  =  0,91*7  lbs. /sec. 
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10*  From  measured  fuel  temperature  and. empirical  hydrometer  calibration  curve, 
obtain  actual  fuel  specific  gravity. 
fix,  Fuel  Temp.  =  86°F, 

Sp,  Gr.  =  0,791;  -  .000496  (Tfuel  -  6i;.l;0F) 

Actual  fuel  sp.  gr.  =  0.781;3 


11,  Correct  fuel  flow  rate  for  actual  specific  gravity, 

fix,  3L=  (uncorr.)  x  sp,  gr.  =  0.947  ~~  =  0,947 

1  o, 783  o,joj  sec. 


12,  Add  fuel  and  oxygen  flows  to  get  total  propellant  flow  rate, 
fix,  m  total  =  1.264  *  0,9k7  =  2,231  lbs/sec. 


13,  Divide  oxygen  flow  by  fuel  flow  to  obtain  weight  mixture  ratio. 
Ex.  r  =  0/F  =  1.284/0?ii7  =  1.356 


14,  Determine  run  frequency  calibration  factor  from  line  frequency  chart 
reading, 

Ex.  Freq.  Cal.  factor  =  (120/U.7?)  =  25.05  cps/div. 


15.  Obtain  actual  run  freq,  from  net  chart  reading  and  calibration  factor. 
Ex,  Freq,  =  (25.05)  (9.88)  =  247-6  cps 


16,  Select  most  recent  pressure  pickup-to-Speedomax  calibration  curve  at 
reference  pressure  observed  during  run.  Vith  this  curve,  determine  net 


across  pickups  during  run  from  net  chart  readings, 
tog.  A  (P0)  =  3.U3/.0127  =  270  psi 
A (Pf )  =  3.53/. 0133  =  265  psi 
£(P0)  =  4. 02/ .0730  =  551  psi 
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17.  Add  corrected  Pref.  to  these  values  (for  differential  pickups)  to  obtain 
absolute  pressures. 

Ex.  PQ  =  1*55  +  270  =  725  psia 
Pf  =  1*55  265  =  720  psia 

Pc  -  15  +  551  =  566  psia  (absolute  pickup  employed) 

18.  Subtract  photo  Pc  from  PQ  and  Pf  to  determine  injector  pressure  drops. 

Ex. :  A  P  =171  psi 

o 

A  Pf  =  133  psi 

19.  At  run  frequency  measured,  consult  inertial  phase  lag  curves  for  parti¬ 
cular  injector  employed  to  determine  standard  phase  lags. 

Ex.*  oCA  *£  21*7.6  cps  =  12.00° 
srd. 

21*7.6  cps  =  11.85° 

20.  Pfcom  ratio  of  standard  to  actual  flow  rates,  correct  standard  injector 
phase  lags. 

Ex.;  oi0  =  (1.083)  (12.00)  =  12.99° 

oCp  =  (1.050)  (11.85)  =  12.14*° 

B,  Transient  Data 

1,  Play  back  pre-run  amplitude  calibrations  and  run  signals  through  net¬ 
work  described  into  Speedomax  recorders.  Simultaneously  record  100-cps 
taped  timing  trace  with  recorder  marker  pens.  Mark  all  charts  at  time 
of  reading, 

2.  Read  net  values  of  all  amplitudes,  Including  calibrations,  as  R.M.S. 
values  from  charts. 

fie.  P0  (Cal)  =  8.1*7  divs.  =  8.81*  divs. 

(Cal)  =  8.1*5  divs.  =  7.10  divs. 

P*  (Cal)  =  8.1*6  divs.  %  =  7.1*0  divs, 

w  C 


Form  ratio  of  run-to-calibration  signals  and  multiply  by  known  cali¬ 
bration  input  amplitude  to  obtain  actual  electrical  signal  amplitudes 
of  pressure  pickup  outputs. 

Ex.: 


=  (8*81|./8.1i7)  5*656  =  5.905  mv 
%  =  (7.10/8.1*7)  5.656  =  1*,?$1  mv 


Pi  =  (7.i*0/8.1*6)  2,262  =  1.9?9  mv 

c 


—  i| 


!  ~ 


5 


L 


i  - 

1  -- 


I4.  Noting  pressure  pickups  employed  and  corrected  Pref.  applied  during 
run,  select  most  recent  sensitivity  calibration  curve  for  each  pick¬ 
up.  By  interpolation  between  calibration  reference  pressures,  de¬ 
termine  pickup  sensitivity  at  actual  run  value  of  Pref,  |S 

A J  :{' 

Ex,  t  PQ  sens,  (Pickup  #2)  =  0,126l  mv/ psi  jj 

Pf  sens,  (PLckup  #11*)  =  0.1319  mv/psi  ] 

:l 

Pc  sens,  (Pickup  #2J?A)  =  0.0728  mv/psi  ;! 


5.  Divide  electrical  amplitudes  of  each  signal  by  calibration  sensi¬ 
tivity  to  obtain  pressure  amplitudes  during  run. 

Ex.:  =  5, 905/.  1261  =1*6,83  psi 

%  =  1*. 751/.  1319  =  36.02  psi 
Pc  =  1.979/. 0728  =  27.18  psi 

6,  Play  back  three  pressure  signals  in  pairs:  (PQ  -  Pc),  (Pf  -  Pc), 

(P0  -  Pf)  through  phase  measuring  networks  into  Speedomax  with  timing 
trace,  Mark  recorded  phase  difference  charts  at  proper  reading  time. 


7,  Read  gross  phase  angles  from  charts,  subtracting  chart  zeros. 
Ex.;  Ae=  (PQ  -  Pc)  =  56.1*° 


Af=  (pf  -  pj  =  51.8° 
=  (P„  -  Pf)  =  5.5° 
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8.  Playback  taped,  post-run  calibrations  through  same  network  and  reoord 


instrument  phase  shifts.  Read  these  chart  values  for  the  pairs  indicated 
Ex.*  (P0  -  Pc)  Cal.  =  -0.1;° 

(Pf  -  P0)  Cal.  =  0.$° 

(PG  -  Pf)  Cal.  =  -0.9° 

9.  Subtract  calibration  angles  from  gross  phases  to  obtain  net  phase  angles 
during  run.  Compare  net  5*  with  difference  between  net  ^and  K? 
as  check  on  proper  phasemeter  settings, 

i'X f '‘'‘V"' M”’' M;-' if>f  >":*•••■,*  •»  C  ■ 

^•51.3°  A-A,»5.5° 

0  “ 

C.  Digital  Computer  Calculations 

1,  Tabulate  punoh  on  input  oards,  and  verify  inputs  of  run  number, 
reading  time,  fff  Pgt  *(*^0^0*  ^f »  JJ.A..X,  ,  on  two  oards. 

2.  Gn  fixtd-deoimal  control  panel  perform  Stage  I  oaloulations  to  obtain 
outputs  of  transfer  funotion  parameters  and  instantaneous  fractional 
mixture  ratio.  Tabulate  thess  values. 


Bx«  *  Output  values  ares 
R0  ■  2.388 
R*  *  2.236 


1,068 

-7.7° 


fi0  ■  79.3°  A  =  W'0 

3.  From  sans  oaloul&tion,  intermediate  quantities  Y0  ,  fp  ,  &V0  , 
are  obtained  and  tabulated. 

Bac.t  Intermediate  values  are* 

Yo  »  35.145°  -  39.21  psi 


ij.  *  U8.ll0 


-  39*21  psi 
&fp  =  28.U9  psi 


IX*  Stage  II  Calculations 
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A.  Steady  State  chamber  properties 

1.  With  nozzle  insert  plug,  measure  throat  diameter  and  calculate 
throat  area. 

Ex.  Diameter  =  0,88$  in. 

At  S*  0.6l$l 

■—  • 

2.  From  Pc,  m  total,  and  A^,  calculate  experimental  value  of  0# 

Ex.:  t  =  ($81)  (.6151)  (32.2)  =  5l$8  ft/sec. 

™ tot  a.  I  (2.231) 


3.  From  Pc  and  r,  consult  theoretical  equilibrium  calculations  and 
curves  to  obtain  values  for  Y  ,  Y  nozzle,  iTe/<L7  ■ 
and  molecular  weight  (mc) 

Ex. ;  Tc  (theor. )  =  $606°R  dtc  =  2370°R 

r  -  d*’ 

f  -  1.2099  mc  =  21.55  Ib/lb-mol 

^  =  1.2382 


ii.  Using  theoretical  combustion  gas  composition  and  properties, 
compute 

r  =  f  ( Y )  =  co/c*  ,  c*  (theor.),  M^. 

Ex.  r  =  0.7152 

c#  (theor.)  =  5529  ft/sec. 

(for  Ac/At  =  11.1*9)  =  .0$1$ 


5.  Form  the  ratio  £ c*  (actual)  /  c*(theor.)2j^  and  calculate  Tc 

(act.)  from  this  ratio  multiplied  by  Tc  (theor.) 

£cj.*  T.  (act.)  =  Tc  (th.)  / c*act.  f  =$605  (.870$)  =  U879°R 

(  c*  th.  / 


6.  Employing  the  perfect  gas  law  and  theoretical  value  oC  molecular 
weight,  calculate  gas  density  from  Pc  and  Tc  (act.) 


W  =  pc  *c 

J  R  Tc 


(15100  CU879) 


=  0,2083  lba./ft 


7.  From  gas  density,  known  chamber  area,  and  total  propellant  flow,  cal- 

* 

culate  chamber  exit  velocity,  uj  . 

•— 

SSt*  u,  =  mtotal  =  (2.231)  (lldi)  =  218.2  Jt/sec. 

Je  Ac  '(0.2083)  (7.0^7 


8.  From  c*  (act)  and  P  (  'f  ),  calculate  C  (act.)  and  no  n-dimensionaltze, 

—  0 
ui  to  form  U-,  =  M-, . 

-  * 

ifcjs  u^  “  U1  =  (218.2)  =  0.0591 


cQ  (act.] 


=  (218.2)  =  0.0591 

T5S59T 


B.  Transient 

1,  Collect  and  retain  output  punched  cards  from  Stage  X  digital  computer 


results. 


C.  Determination  of  correction  factors. 

1.  From  measured  pressure  distributions,  assuming  one-dimensional,  in¬ 
compressible  flow,  calculate  axial  velocity  distribution.  Correct 
for  two-dimensional  effects  by  extending  final  velocity  to  non-dimen¬ 
sional  value  Uj  averaged  from  steady  state  computat  ions* 

Ex.t  (See  Figure  39  for  this  distribution) 

2.  Determine  arithmetic  average  of  steady  state  parameters  Fc#  r,  /<*  , 

»t,  Tc,  (Sp.  Gr.)  fuel,  C0,  &P,r*r  >  mol  fractions  (xjJ. 

SSaf  Pc  =  590  psia  =  0.122l*_ 

r  *  1.36  XC£  =  0.2666* 

*  =  0.2109  lbs/ft  =  0.14*9b 

>*tf  =2.215  lbs/sec  =  O.130l» 


=  137  psi 


(S,Q,)y  =  0,788 
Cq  58  3965  ft/sec. 


3,  From  mixture  ratio,  r  ,  and  (Sp.  Gr,)F  ,  calculate  average  liquid 
density  at  inj  ection, Jjji^  . 

Bx.t  30  =  62*^  (S.Q.)OJC  (r)»  (S,0,)F 

r  +  i 

=  62.U  (l.lli2)  (1,36)  +  0,788  =  61,9  ibs./ft 
2.36 

4,  Using  known  injector  orifice  area,  m^.,  and  ,  compute  average  in- 
jector  entrance  velocity,  26^ 

Mi}  uT  -  =  101  ft/sec. 

*  AAl 

5,  Calculate  correlation  parameter  dr  \  f 


6,  From  empirical  droplet  diameter  correlation  curve  (Figure  2k)  estimate 
mean  inlet  droplet  diameter,  d^  , 

Ex,:  d0  =  ,0013  in. 


7.  Using  data  and  empirical  equations  of  N.B.S,  circular,  calculate  viscosity 
at  temperature  Tc  for  each  of  major  constituent  combustion  gases. 

Ex,:  cog:  =  6,03 

(i*rora  N.B.S. )  =  137  raicropoises 
/*\  =  (6.03)  (137)  =  826  micropoises 
co:/^^  =  5.10  =  165.7  micropoises 

/vc  =  (5.10)  (165,7)  =  Qiu7  micropoises 
H2OS  (direct  from  N.B.S,  data)  =  605  micropoises 
H2:  =  iu,97  >A.  =  8U.11  micropoises 

A  =  J4I8  micropoises 
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8«  Compute  the  weighted  sum  X£  as  the  average  mixture  viscosity* 

Ms.*  JE/tt'K;  =  ( 826 (  (.I22U)  +  (847)  (.2666)  +  (605) 

4* 

(.4494)  +  (8ii.ll)  (.130)4)  =  653  micropoises. 


9.  Calculate  Reynolds'  number  of  injected  liquid,  R 

_  —  .  eo 

£*«»  Ra0  =  jc  =  52. 4 

-Ac 

10.  Prom  drag  coefficient  curves  for  spherical  particles  estimate  the  proportion¬ 
ality  constant  (Cn  Rfl  )  at  the  calculated  R= 
u  ®o  8o 

(cD  Re  )  Oaf r„  =  52.lt)  =  76.7 

"  o  a0 


11.  Using  known  and  (Cp  Re^) ,  calculate  dimensional  value  of  droplet  drag 
coefficient,  k*. 


12. 


Ex.: 


k*  =  (CD  R6o) 


=  350  sec"1. 


Non-dimensionalizo  k*  by  cQ  and  known  chamber  length. 

gc.:  k  =  k*  L_  =  (350)  Oi.0l6)/12  =  0.0295 

co  3965 


13.  Apply  droplet  drag  coefficient,  k,  to  gas  velocity  distribution,  u  (x) 
and  integrate  droplet  dynamics  equation: 

u2  dU<  =  k  (u  -  ua)  numerically  on  digital  com- 

A  dx 

puter  to  find  liquid  velocity  distribution,  uj^  (x).  Note  value  of  , 
(See  Figure  39  for  resultant  ujj  (x)  curve.) 

Ex.:  n/f  =  0.0411 

14.  Numerically  integrate  1/u^  (x)  to  obtain  distributed  total  time  lag, 

£60  .  Note  value  of  *5^  . 

Ex.:  (See  Figure  40  for  resultant  Z^(x)  curve).  =  29.92 
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16.  Calculate  two  time  lag  distribution  correction  factors,  and  £ 

from  equations*  ,  £ 

'4  A5*  £  0*  *n)  ~ 

-!,(/+*%>)] +  $-%*{'+  S*T^Lj3  —0.S07 


17.  Consult  original  gas  velocity  distribution  curve  in  straight-line  segmented 
form  to  calculate  two  gas  residence  time  correction  factors,  and  a. 


D,  Calculation  of  time  lag  parameters  -  Procedure  #1# 

1.  Assuming  known  value  of j  (see  above),  tabulate,  punch  input  cards,  and 

check  values  of  Run  no.,  reading  time,  cQ,  r,  Tc>  dlc  f  »  »  freq.,  a, 

^Z  *  ^ 3  *  *  on  ^wo  cards,  collate  these  cards  with  output 

cards  from  Stage  I  into  running  procedure  for  digital  computation  of  New- 
ton-Rabson  iteration  on  fixed-decimal  control  panel, 

2,  Obtain  solutions  for  and  reduce  to  &g  • 

jjjx.1  Qa  =  1,300  milliseconds. 

-  3 
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3.  By  same  procedure}  obtain  values  for  HO  ,  CCS  cO'Sj.  ,  choose 
proper  quadrant  for  CO  ,  and  reduce  to  ^  * 

Bx.s  W  £7-  =  0.26U  rad. 

5^.  =  0.17  millisecs. 

U.  Plot  Qq  and  ?7  as  functions  of  reciprocal  frequency  at  each  chamber 
pressure  level  and  select  asymptotic  values  for  both  parameters. 

Bx.t  Asymptotic  *  I.O63  milliseconds  (See  Figure  k3) 

Asymptotic  =  0.11  milliseconds  (See  Figure  U9) 


£.  Calculation  of  time  lag  parameters  -  Procedure  #2 

1*  Assuming  known  value  pf  tabulate  and  punch  input  cards  identical  to 
those  of  procedure  #1  with  substitution  of  u^,  for  -p  •  Collating 
these  inputs  into  running  procedure  for  complex  analytical  solution}  per¬ 
form  calculations  on  fixed  decimal  control  panel  of  digital  computer. 


2. 


Obtain  solutions  for  real  and  imaginary  parts  of  sin 
listing  constant  outputs  C^,  Cg,  C y 


(4>/%)  =  sin  (^g^r) 


Bx.t  Heal  part  of  sin  }  =  3.6128 

Imag.  part  of  sin  )  =21.81 

cx  =  0.2913  c3  =  -0.002150 

c2  =  0.01299 


3* 


Substituting  £  =  c  +  id  into  equation  foroj^^j,  calculate  tan 
(ujO0£  )  and  tanh  ( u)^LS>^  ). 
tan  (^Gdg  )  =  = 

tanh  (aicL&j)  =  +j ~  +  °»999° 


Bx.t 
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i 

li.  Choosing  appropriate  quadrant  for  ( and  appropriate  sign  for 
( ),  reduoe  these  values  to  real  and  imaginary  parts  of  JT  , 
c  and  d. 

Bxti  e  =  1.203 
d  =  +  1.518 


5.  Plot  e  and  d  as  functions  of  frequency.  Verify  that  d  asymptote  »  0 
and  determine  c  asymptote. 

Bx.t  C  asymptote  »  asymptote  =  0,980 
(See  Figure  1*6) 


6.  Carry  out  similar  digital  computer  calculation  to  obtain  real  and  imagi¬ 
nary  parts  of  8in&j2^>  and  ^.=  • 

Et,t  Real  part  of  sin  ~  0.21029 

Tmngt  part  of  sinUZf-  s  *>0.11096 
y  =1  -O.llt  millisecs.  &  =  +  0.07  mi  111  sees. 


7.  Plot  y  and  £  as  functions  of  frequency.  Verify  that  #  asymptote  =*  0j 
determine  y  asyH1ptote  “  ^asymptote. 

SSs.*  7  asymptote  =  0.11  milliseos  (See  Figure  52) 


XXX*  Stage, III  Calculations 

A,  Sensitive  tine  lag  and  interaction,  index  calculations* 

1,  Punch  input  cards  similar  to  those  of  Stage  II,  omitting  £  or 

u1  and  adding  )  asymptote  and  (^7-)  asymptote.  Collate 

with  Stage  I  output  cards  into  running  procedure  for  exact  Stage 
III  equation  on  fixed-decimal  control  panel  of  digital  computer* 

2,  Obtain  output  values  for  interaction  index,  n  and  sin4)2?r,  and 

COS  , 

Bx.t  n  =  0.U9 

5//3«)p  =  0.7981 

tos  OJt'  =  0.602$ 

3,  Choosing  appropriate  quadrant  for  (uiV  ),  reduce  to  sensitive 

time  lag,  q?  . 

Ex.*  2**  =0.59  milliseconds 

B,  Gross  variation  of  time  lag  parameters  with  pressure, 

1,  Determine  gross  value  of  n  from  slope  of  log-log  plot  of  vs, 
Bx.»  n  (gross)  =  1.1*1 


